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Jets of Segre varieties

e Real submanifold:

M2n+c c (CnJrc7

of codimension:
¢ = codim M.

e Ambient dimension:
N (= n + c.

e CR-genericity condition:
TM+v-1TM = TC"|,,.

e Hence:
T°M =TMNV/=1TM
has constant:
rank (T°M) = n.

o Call:
CRdm M = n.



e Assume real analyticity: M € ¢“.

e Existence of graphing coordinates:

(z, w) = (zl,...,zn, wl,...,wc),
in which M 1s:
w = @(z,?, E).
e Equivalently after conjugating:
w = @(E,z,w).
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e May assume:
0 e M.

e Point near the origin:



p = (2p,wp).
e Segre varieties:

Sp = {(z,w) e CN: &U:@(z,zp,@pl},

holon?grphic!

hence they form a family of complex submanifolds of dimension 7.
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Lemma. A CR-generic manifold is Levi nondegenerate if and only if:

[®))

Jet!(Segre)
Is of full rank:
n—+n -+ c.
e CR mapping:
h: M — M.

e Another CR-generic:
M c C"¢ 3 (2 W),

e Graphed as:
e Conjugate:

e CR-map:

(z,w) — h(z,w)
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¢ Invariant and unifying concept:

Definition. [M. 1996] The reflection mapping associated to & is:

¢ —8' (¢, h(z,w)).

Theorem. [Merker 2000] Let h be a formal CR map which is:
[1 either an equivalence,
(1 or CR-transversal.
If T M is generated by Lie brackets of T“M , then:
¢ — @’(C’, h(z, w))

IS convergent.

Theorem. [Merker 2000] If M’ is holomorphically nondegenerate, h itself is
convergent.




e Observation: This was the final result when T'M is generated by Lie brack-
ets of T“M , because of the naturality of a necessary condition.

[ 1 M holomorphically degenerate means the existence of:
L. = holomorphic vector field tangent to M.

[ 1 Then the flow:

exp (a : L)
where @ is any non-convergent formal series is a non-convergent invertible
formal CR equivalence M — M. []

e Observation: The k-jet map Jet" (Segre) is not assumed to be of constant
rank.
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e Observation: The reflection mapping:

¢ =& (¢, hizw))
is an invariant object which expresses explicitly in terms of a defining
functions for the CR manifold M?"+¢ c Cte,

e Universality: Expressing geometric objects in terms of basic data is univer-
sal.



Hyperbolicity, ampleness

e Consider a generic complex algebraic hypersurface:
X" c P"TH(C).
¢ Dimension:
n = dim X.
e Degree:
d := deg X.
e Look at: Nonconstant entire holomorphic curves:

f. C — X

0l



c — = Y

e Method: Lift f to the x-jet space:




Theorem. [Diverio-Merker-Rousseau, Invent. 2010] For generic X, there exists
a proper algebraic subvariety:

Y € X
inside which all nonconstant entire hi)/omorphic CUrves:
f: C — X
are in fact contained:
f(C) CY,

provided that:

e Improvement:

Theorem. [Darondeau, Ph.D. Orsay, IMRN 2016] Same conclusion for:

d > (5n)%n™
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> for n from 2 to 5 do Darondeau[n] := (5*n)“*2*n”n end do;

e Open Problem:

Darondeau, = 400
Darondeau, := 6075
Darondeau, = 102400
Darondeaus == 1953125

‘)
d > constant™.
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e Study: Product of multidimensional Laurent series:
A-E-F,

where:

B (n?)!
A= Z (n+E ) (n+kp1 — k)l - (n4 ko — Ek3)l (n — ky)!

0<kon
0<k3<n+ko
0<kn<n-+ky 1
rn(ng_l)_kZ_”'_kn 1
(wa)k2 -+« (wy)Fn’
with r > 3, where:
o I —wo 1 —wows I — wowswy - - - wp
1 — 2wy 1 — 2wowy 1 — 2wowswy - - - Wy,
and where:
P I —ws I — wawy I —ws---wpy
1 = 2w3 + wows 1 — 2wzw, + wowswy I —2wswy - -wp +wo -+ - wp
I —awy I —wy---wy
1 — 2wy + w3wy I — 2wy - -wp +wswy - - - wp




e Computational aspects: Simultaneous presence of positive contributions >
and of negative contributions.

2 2

P B 4 3 3 3
FFFFS.—4w2w3—i—sz3w4 8w2w3+2w2w3w4—|—w2w
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+w4w5wéw7+2w4w5w6w%—I—w4w5w6w7w8+2W4w5w7w§+4wgwé+w§wéw7
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2 3 2 2 4 g X2 2 3 4
w6w7-|—w6w7w8—8wéw7+2w6w7wg-1-w6w7w8-I-4W7wg—8w7w8

e Observation: Entire curves f: C — X satisfy algebraic differential equa-
tions:

QUL I 1" ) =0,
but nobody on Earth is able to express () = ()p in terms of a homogeneous
polynomial defining equation:

X = {[XO: Xi: oo X c P"HC): P([Xo: X1: -+ Xpy1]) :O}.



Low Degree Hyperbolic Hypersurfaces X" ¢ P"*+1(C)

e Complex line:
Caz=z2+V-1y.
e Unit disc:
D= {ze€C: |z] <1}.
¢ Euclidean metric:
2|z = da’ + dy’.
¢ Poincaré metric:

2
\dz|2 o 4z ]E
Pce - (1 _ ’Z‘2>2'

e Curvature:

CUNVpeg = — 4,



e Geodesics of the Poincaré metric:
D

diStPoincaré(Ch CQ) - arCtanh|1Ci;C1%2‘

dist — oo

e Connected complex manifold X:
dmX =n > 1.

e Any two points:
p, q € X.

81



e Chain of holomorphic discs:

”
pseudo-dist Kobayashi(pa q) = y finf / { Z dist poincaré (CLZ', bi) }
yJ 1seenJ U .



e Definition: A complex manifold X is said to be Kobayashi-hyperbolic when: *

(p 7 (]) — (pseUdo'diSt Kobayashi<p> Q) > O)-

e Second Theorem of Brody. For a compact complex manifold X:

(X 1S Kobayashi—hyperbolic) — (all holomorphic f: C — X are constant).

e Corollary. Kobayashi-hyperbolicity is stable under small perturbations.

Conjecture. [Kobayashi 1970] Generic hypersurfaces X" C P"* 1(C) with:

degX > 2n+1
should be hyperbolic.

Theorem. [Brotbek, Invent. Math. 2018] Generic hypersurfaces X" ¢ P"*+1(C)
with:

degX > 1
are hyperbolic.




e Homogeneous coordinates on P"1(C):
4 = [ZO: L1 Zn+1].
e Collection of Q > 1 hyperplanes:

H; = {Z eP"". hy(2) =0} (1<i<Q).
with deg h; = 1.

e General position:

vIcC{l...,Q withCadl=n+2 [)H =0



Theorem. [Tuan Huynh, IMRN 2015] There exists a homogeneous po/yrfo—
mial:
s = s(Z), degs = 2n + 2,
such that the hypersurface:
hi(Z) -~ hopyo(Z) —0s(Z) = 0
Is Kobayashi-hyperbolic for all small nonzero 6 € C and forn = 2. 3,4, 5.

e Open Problem: How to reach examples in degree:

d > constant-n ?




e The percolation method of Zaidenberg:

_____

Figure 2

~

fo(C)

Figure 3

( H;nP"
oo Authorized passage points
/ H;ne",j¢1 {are prescribed J
by an intersection with .S
P(©) \Iz
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e Equation in the case n = 2: [Duval]

0 = hihohshahshe — 8 (hihshshy — e56(hihshsha—
— &46 <h%h%h3h6 — &45 (h%h§h4h5 —

— 816( ................................................ — €13 (h%hihShG — 81280))):

e With 16 extremely small quantities:
0 < § <€ e56 <

< gy K &5 K

L E1f K E1p K v L g3 K g9 < 1.



Ampleness of Cotangent Bundles

e Complex manifold:

e Dimension:

dmX = n > 1.

(21, ..., 2,) local chart

A W,

e Holomorphic cotangent bundle:

Ox.




e L.ocal section:
w € F(U : Qx)

e Writes:

w = wi(z)dz; + - +wn(z)dzy.

e Riemann surfaces: [n = 1]

genus = dm[(X, Qx) > 1.

often
e However, in dimension n > 2:
0 = dmI'(X, (x).
0 = dmI'(X, Ox)
Naruki
1977
e Substitute:

e Bundle of symmetric £-differentials: With £ > 1:

9T



e Local section:

ISt < ssn symmetr?crtensor@)
a®b=b®a

e Always in what follows:
X = X" c P"C).
e Smooth complete intersection of projective algebraic hypersurfaces:

X =H;Nn---NH,,
with:

¢ = codim X.

e Hypersurfaces:
H, — {[Z] e P Ri(Zy: Zy: e Zne) :o}.

e Abbreviate:
N = n-+c.



e Homogeneous polynomials:

Ri — Z Ri,ao,al,...,aN (ZO)aO (Zl)a1 """ (ZN)CLN-
ag+ai+-+an=d; E\?C

As said, by Naruki, there are often no nonzero global holomorphic sections of (2.
Even worse:

Briickmann Vanishing Theorem. [1996] When c < n, forall k > 1:

0 = F(X, SykaX).

8¢



RIEMANN SURFACES

“A

' BRUCKMANN VANISHING THEOREM

/ HYPERSURFACES ~~ KOBAYASHI CONJECTURE

/ > 11

Fortunately:

Theorem. [Schneider, Brotbek] When the codimension ¢ > n is larger than
the dimension:

dim F(X, SykaX) —> constant - kzn_l,

positive

for all k > kg > 1.




0€

e Interpretation: This means bigness of the line bundle:
Op(0y)(1)

P(Qx).

General idea: Bigness conducts to expect maximal richness of the space of sections

Conjecture. [Debarre 2005, ENS Paris] When ¢ > n, the intersection of
generic hypersurfaces:

HiNn---NH, = X c P
of sufficiently high degrees:

should have cotangent bundle (2x ample.

e Definition: [Hartshorne 1966] {x 1s called ample when there exists £y > 1
such that, for all £ > £, the bundle:

SykaX — X
1s very ample.




e Definition: SykaX is called very ample when two conditions hold.

(i) For all 1 # 9 € X, global sections are surjective on fibers:

F(X, SykaX> 7 SykaX

onto

S, SykaX

L1 L2

(ii) For all z € X, global sections are surjective on first jets:

F(X, SykaX) > JetlsykaX

onto

X

Theorem. [XIX'" Century] Riemann surfaces (n = 1) of genus > 2 have
cotangent bundle ()x very ample.

[Complete solution of Debarre Ampleness Conjecture]

Theorem. [Xie 2015, Ph.D. Orsay, Invent. Math. 2018] For all ¢ > n > 1, for

generic:
H,Nn---NH, = X ¢ PN

of degrees: [Effective!]

()x Is ample.
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e Before:

Theorem. [Brotbek, Math. Ann. 2014] For ¢ > 3n — 2 and for equal degrees:

dy=------ =d. > 2(n+c) + 3,
()x Is ample.

Brotbek-Darondeau 2015: Noneffective solution




Theorem. [M. 2015, using multidimensional resultants] Improvement on Xie's
degree bound:

Theorem. [M.2016] The surface X* ¢ P°(C) having equations:

Z{? = (3T +4X +6Y) T + (2T +5X +Y) X + (7T +2X +8Y) v
Zy = (5T +2X +9Y) TP+ (T+ X +Y) X"+ (37 +6X +3Y) vV
Z3" = 2T +7X +2Y) TP+ (T+6X +Y) X+ (8T + X +2Y) Y1

Zp? = (6T+3X +9Y) TV + (2T +2X +Y) X + (4T + X +4Y) Y
has ample cotangent bundle outside the hyperplanes {Z; = 0}.




e Ideas of proof: Take a large integer:
e > 1.

e Fermat-type complete intersections:
X={F=0}n---N{F.=0},

where;:
Fj(Z)=A;0(Z) - (Z))" +---+ AjN(2) - (ZN)",
where:
Aj,z'(Z> = Chom[Z}
say:

deg A]’Z(Z) = 1.

o All degrees are equal:
di=---=d. = 1+e
=: d.

e Consider one equation (drop indices):
0 = Aozg—i—AlZle-F"'-l-ANZi;.
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e Employ jet notation:
dZZ' — ZZ( :

¢ Differentiate once:
0 = (ZoA)+eZyA)) Z5H + -+ (ZNAy + eZNAN) Z5

e View equations by pairs:1 < j < c:

0 — (Aj,o Z0) Zg—l T . +(Aj,N Zy) Zﬁf_l,

0 = (ZQA;’O -+ GZ(/)AJ70) Zg_l + -+ (ZNA/'7N -+ GZE\TA]',N) Z%_l.
e Treat the enlightening case of X'  P?:
0 = (ZoAy) Z5* +(21A1) 257 + (Z9A9) 2571,
0 = (ZoAl+eZbA)ZE ™ + (21 AL + eZ1 AN ZE 4 (Zo Al + eZ5A0) 2571
e Abbreviate this as:

0 =AX)+BX|+C Xo,
0=A"Xg+B X+ Xo.

e Form a 2 x 2 determinant:



AX, BX,
A' X, B' X,

e Replace the second column, and compute:

AXy BX|| |AXy —AXy —CX,
A'Xy B'Xy| T |AX, —AX, —C'X,
_ Axy CXo
- T A X, O X

9¢

Lemma. From the two equations:
0 =AX)+BX+C X,
0=A"Xo+B X+ X>.
it follows:

A X, B X,

AX, BX,
A X, O X

o ‘AXO C X

B 'BXO C Xo

B' X, C' Xs|




e Fermat-Cramer Rational Miracle: Divide by:

1
Xo X7 X'
obtain:
AXy BXi AXy CXy B Xy, CXy
A' Xy B'X, A" Xy, C' Xy, B' X, C'Xy
Xo, X, Xo  Xoo X Xo, Xo Xi Xy
and simplify:
A B A C B C
A B’ A ' B '
X, X3 Xy




8¢

Rationality

e Natural integer numbers:
1, 2, 3,4, 5,6, 7 8 9, 10, 11, 12, 13, ...

Thesis. [M.] Advanced mathematics depends upon archetypical rational
computational phenomena.

e Today:

Exhibit Several Instances of Rationality

[1 Cartan theory.
[1 Complex Algebraic Geometry.

e Three open sets:

{ Ry # 0},
{R. +#0}.




e First strategy:

Jet differential  Transferred jet differential

R« Ry
e QQuestion 1: Does this exist?

e Second strategy from Cech cohomology:

Jet B Jet B Jet
RXRy_RZRX_RyRZ°

e Only codimension 2 singularities remain:

{0=R, =Ry} J{0=R.=R.}| J{0=R,=R.}.

e Question 2: Does this exist?

e Third strategy:

Jet differential  jet differential  jet differential

Ry R, ' R,

e QQuestion 3: Does this exist?




Explicit Chern-Moser Tensors

e Real hypersurface: 1M/2"t! < C"*!l, Levi-nondegenerate, real-analytic

(6).
e General n > 2: Coordinates:
(21, -+, 2, W).
e Implicit defining equation:
p(zl, e 2, W, 2, ,zn,w) = 0.

ot

Theorem. [Chern-Moser 1974] The primary curvature tensor:

@g = SB ® wP A wy + normalized remainder,

appears in: ;

dgp@ — <1>§ + normalized remainder.
where 1l < «, p, 5,0 <

e Absent from the literature: Compute explicitly the Sgg forn = 2.




Despite their importance, until now, the invariants
of pseudoconvex domains have been fully com-
pleted, to our knowledge, only in the case of the
unit ball B"*! < C"*!, where they all vanish!

Webster 2000
e Hypersurface:
M = { p = O}
e Smooth:
dp(p) # 0 (VpeM).
e Levi nondegeneracy:
L(p)(p) # 0O (VpeM),
where:
/ 0 Pz Pz,  Pw \
Pz Pz1z; Pznz1 Pwzy
L(p) := det : :
Pz, Pz1Zn Pznzn Pwzy,




o Example: n = 2:

( 0 Pz P Pw \
L(,O) .— det Pz1 Pz1z1 Pz9z1 Pwzy
PZy Pz1Zo PzoZy Pwzy
\:0@ Pziw Pzow Pww

e Introduce: Forall ]l <:<nandall1 </ < n+1:

Lie(p) = det (

o Example: n = 2:

0 Pz P puw
Pz1 Pz1z1 Pzoz1 Pwzy
PzZy Pz1Zo PzoZy9 Pwzo
Pw Pzw Pzw Pww

e Introduce: Derivations:

delete row 7 + 1
delete column ¢/ + 1/

0 Pz pPw
PzZy PzZo Pwzo
Pw Pzw Pww
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o Example: n = 2:

( 0 P Pu 0 P Pu 0 P Pu \
pEQ /02252 /Ow?Q p51 /02251 IOle pil /02271 pw21
Pw Pxuw Puw 1, Pw Pxnw  Puw 1, Pzy Przy Puz 1,
Dl = Pw - — + — —
0 psy Pz Pw | 921 0 poy Py puw | 972 0 poy P2y puw | OW
/021 pzﬁl p22§1 szl le pzﬁl pZQEl Pule le pzﬁl pZQEl p’le
:022 pzlzg pzﬁg pwig /0?2 pzﬁg pzﬁg szg 1052 p21§2 Pzzzg pw@
\ Pw lew pZQE Puw Pw pzlﬁ IOZQE Puw Pw /021@ IOZQE Puw )
0 psy  Pu 0 psy Pu 0 Py Pu \
1022 lezg pwEQ le lezl szl le lezl puﬁl
Dy = » Pw Puw  Puw o Pw Puw  Puw 0 N Pzy Puzy Puzm 0
‘ 0 Pz Pz Puw 07 0 Pz Pz Puw 073 0 Pz Pz Puw ow
Pz, Pxz Pxnz Puzy Pz Pzz1 Pzxnz Puz; Pzy Pxz Pz Puzy

p§2 p21§2 /02’222 IO"LUEQ p?Q p21§2 ng?g pw§2 /052 p21§2 pZQEQ szg
\ Pw Prw Pznw Puvw Pw Pxw Pznw Puww Pwo Prw Pxow Pww )
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e Introduce: For1 < 7,7 < n:

T PziPziPuw T PziPwPzjw T PzjPwPziw — PwPwPzz;
Hi j(p) = o P P -

Theorem. [Foo Ph.D. Orsay 2017] For n = 2, the CR-umbilical locus is the
zero-set of 5 equations:

0 = D1(D1(H2,2(P))),

0 = D1 (D1 (H12(0)) ) — D1 (Ds(Ha20)) ).

0= Dl(Dl(Hu(p))) — 4D1(D2(H1,2(P))) T DQ(DQ(HZ?(/O)))
0 = Da(Da(Ha1(p) ) — Da(D1(H11(0)) ).

0 = DQ(DQ(Hl,l(ﬂ>))-




Theorem. [Foo, Ph.D. Orsay 2017] Forn > 2, the CR-umbilical locus is the
zero-set:

0 = Di1(Di2(H/€1,kz)) —

n

1
 n4+2 Z (5/@1,@'1 DK(D@'Q(H&/{Q)) + 5k1,i2 Di, (Dﬁ(Hé,kg)) +
/=1

-+ 5k2,i1 Dé(Diz (Hkl,f)) T 5‘627@'2 Dy, (DE(H]“’K)) "

1 n n

T (n+ 1)(n +2) {5/%’1,%'1 Oky,iy t Oy 5/%’1,2'2} S: S: D€1(D€2(H€1,€2))7
(=1 lo=1

for all:
1 < K, ko < n,

1 < 2,00 < 1.




Nilpotent Lie Algebras and CR Models up to Dimension 5

e Real analytic CR manifold:
(] Integersn > 1 and d > 1.
] Complex space C" ¢,

] Real submanifold M2+ « Ce with tangent planes at p € M:

T,M = C" x R?
c C"xC®
[ Coordinates:
(zl,...,zk,...,zn+d) avec zp :$k+\/—_1yk.

] Complex structure of TC"*¢:

o o 0 o
— | == t — ] ===
J<5flf/<> Oy, - J(@%) Oy,

[ ] Complex tangent space invariant by J = X+/—1:
T°M =TMnNJ(TM).

514



e So:

M2n+d C (Cner

e With:
T°M =TMnN JTM.

e Iterated Lie brackets:
DM =T¢M.
D™*M := Vectyw (D 'M + [T°M, D™ M]),
DM := Vectyw (D °M + [T°M, D™*M]),



Lemme. [Immediate] Growth vectorsn = 1:
dimension 3 :

dimension 4 :
dimension 5 ;

dimension 5 ;

)

E211)
(2,1,2);
(

2,1,1,1).

[]
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Classification of nilpotent Lie algebras in dimension < 5

[cf. Goze-Remm]

Dimension 1:
a] ‘= R.

Dimension 2:
ao = a; D aq

Dimension 3: The decomposable:
az = aj; b a; D ay,

and the Heisenberg:
tl%: X1, Xo] = x3].
Dimension 4: The two decomposable:
a?% and a; D u?,

and:

| { X1, %] = x3

n,.
1 X1, %3] = X4.




0s

Dimension 5: The three decomposable:

Do 1 1
a;’”, n3 @ ao, n, ©ap,

Dimension 5, irreducible: There exist 6 non-isomorphic real nilpotent Lie

algebras:

[ e(g) = (4,1) (filiform case):

- - X1, X2] = X3
_X17X2_ = X3 - 1
1 - 1 9 X1, X3] = X4
‘[151 _X17X3_ — X4 ‘[15 - 1
- 1 X1, X4] = X5
_X1,X4_ — X5 - T
X2, X3] — Xp
[ e(g) =(3,1,1):
X1, X2| = X3 X1, X2| = X3
n;: X1, X3] = X4 n;: X1, X3] = X4
X2, X5 = X4 X2, X3] = X5
L e(g) = (2,2,1):
5 x1,%0] = x3
tl5 X




O e(g) = (2,1,1,1):

e (lassification: Dimension 6:
[Vergne, Seeley, Carles, Goze-Khakimdjanov].

e (lassification: Dimension 7:
[Goze-Remm].

e Several branches: Dimensions 8, 9:
[Goze-Remm].

e Associated equivalences of CR manifolds!



Models of CR submanifolds in dimension < 5

e Dimension:

2n + d (n>1letd>1).
¢ Dimension 3:
n =1, d=1.
Levi non-degenerate hypersurface:
M? c €

¢ Dimension 4: [Beloshapka-Ezhov-Schmalz 2007]
n=1, d=2.

e Dimension 5:

[4



Lemme. [Recall] In CR dimensionn = 1, possible growth vectors are:

dimension 3 : (2 1);
dimension 4 : (2 1 1)
dimension 5 : (2 1 2)
dimension 5 : (2 1,1 1)

e Equivalences of hypersurfaces /3 c C?:

Proposition. [Easy] Every hypersurface M? ¢ C? satisfying:
D'M =TCM isof rank 2,
D*M =T°M + [T°M,T°M] is of rank 3,
can be represented in coordinates (z,w) € C?, by:
w — W = 2 2Z + Opgigs(3).




Proposition. [Beloshapka 1997] Every CR submanifold M° ¢ C* of codi-
mension d = 3 with:

D'M =T°M s of rank 2,

D*M = T°M + [T°M, T°M] s of rank 3,

D’M = T°M + [T°M, T°M| + [T°M, [T°M, TM]]

If of maximal possible rank 5,

can be represented as:
W) — W] = 2027 + Opoids(4)
wy — w9 =212Z(z+2Z) + Opoids<4>°
w3 — W3 =22Z(2 —Z) + Oppids(4)-




e Real-analytic:
M € €~.

e Problem. Classity the €“:
M2n+c c Cnte
modulo local biholomorphisms of C"""¢ up to dimension:

2n+c < 9.
CTH-C

M1 P T

(Cm—l-c

e Possibilities:
2n+c=3 — {nzl, c=1,

2n+c=4 —

2n+c=>5 —



e Coordinates:

(21,...,zn,w1,...,wc) = (z1+vV-1yq,..

¢ Graphing functions:

M3 c C?:

M* c 3

M° C C*:

M° C C3:

e Fundamental bundle:

. 73377, —"_ V _1ym
Uy + V=101, ..., U+ V—10¢),
v = p(x,y,u),
v = ©1(T, Y, u1, u9),

vy = (T, Y, Ui, ug),

©1(7, Y, uq, u9, ug),
(7, Y, uq, Uz, ug),
w3(x, Yy, u1, uz, uz),

U1
U2
U3

v = (1, Y1, T2, Yo, U).

TN = {X ~VTTJ(X): X € F(TCM)}.

e Integrability:

TN, THM c TH M

9¢



e Conjugate:

TN = 71,007

e Non-holonomic:
TN, T M) ¢ T M @ T M

e Local generators of 71V1\/:
9%1, .. 79%71.

Theorem. Excluding degenerate cases, there are precisely 6 classes of
%“ CR submanifolds M?*"*+¢ c C"*¢ of dimension:

2n +c < 5,
hence of CR dimensionn =1 oun = 2, with:
{0%} or {0%170%2}7

being generators of T1VM .

e Classe |: Hypersurfaces M3 C C? such that {Z 2L, [02” : y} } is a frame
for C @p T'M, with:

Model I: V= 2Z.




e Class ll: CR-generic M* ¢ C? such that {02”, 2. [3,?}, [92”, [%,EH }%
is a frame for C ®@p T'M, with:

V] = 2Z,
Model II: 9_ _9
V) = 272+ 227,

e Class lll;: CR-generic M° C C*such that {02”, Z. [X,g}, [CZ, [X,gﬂ,
[y, [02”, yﬂ } is a frame for C @ T'M, with:

(v = 2%,
_ _ 2= =2
Model Ill;: { V9 =272+ 227,
_ 2— =2
\vg—\/—l(z zZ— 2z )

e Class lllo: CR-generic M?® < C*such that {02”, &, [Z,?}, [ : [ﬁ,yﬂ,
2,12, [, 2]]]} isaframe for CopTM, while 4 = ranke (2, 2, [£, 2],

£, [2.Z]), [Z, [£.2]]), with:

(v = 2%,
_ 2= —2
Model llls: { V9 =272+ 227,
| V3 = 2237+ 2270 + 3272



e Class IV4: Hypersurfaces M ° C C3 such that {Zl, L5, L1, Lo, [02”1, ?1} }
is a frame for C ®p 7'M, and such that the Levi form of M has rank 2 at every
point p € M, with:

Model(s) 1Vi: v = 2121 £ 29%9.
e Class IVo: Hypersurfaces M ° C C3 such that {05,”1, L5, L1, Lo, [Zl,gﬂ}

is a frame for C ®p T'M, such that the Levi form is of rank 1 at every point
p € M, while the Freeman form 1s nondegenerate, with:

_ 1 _ 1 — —

2121 + 5212129 + 5 292121

Model IVs: v = 2 _ 2 |
1 — 2929

e Existence of the 6 classes |, Il, lll{, lllo, V4, IVo: Graphing functions are
arbitrary.

Proposition. For the six classes |, Il, lll{, IV4:
() [v=22+220:(2,2) +22O1(uv),

V] = 2Z + 27 Os (Z,E) + 2Z O1(uy) + 2Z O1(u2),

Il):
(: vy = 2°Z + 27" + 22 02(2,Z) + 22 O1(u1) + 22 O1(ug),



U = 2% + 22 09(2,2) + 22 O1(u1) + 22 O1(u2) + 27 O1(us),

(IN)y: | vg = 2°Z + 27° + 27209 (z,E) + 2Z O1(uy) + 2Z O1(ug) + 2Z O1 (u3),

v = v=1 (272 — 22°) + 22 02(2,Z) + 22 O1(w1) + 2% O (us) + 2Z O1(u3),
(1V);: [U = 2121 iz2§2+03(z1,22,21,§2,u),

with arbitrary remainders. For the class:
vy = 2Z 4+ ¢1 2222 + 22 04 (z, E) + zZu; Oy (z, Z, u1)+
+ 2Z U9 01 (Z, 5, Uy, ’LLQ) + Z§U3 01 (Z, E, Ui, U9, U,g) ,

vy = 2°Z 4 22° 4 22 03 (2,2) + 2Z2u1 O1 (2,2, u1) +
(s

+ 2Z u9 Ol(z,E, ul,ug) + ZZ us 01(2737 U1,U2,U3)a
v3 =22°2+222° + 322" + 2Z205(2,%) + 2Z2u1 O1(2,Z, w1 ) +

+ 2Z U9 O1 (Z,E, Uy, UQ) + 2Z us 01 (Z,?, Uy, U, U3>,

the 3 graphing functions ¢y, @9, 3 Must satisfy:

ZL(A)-Z(A) Z(Ay)—Z(Ay) Z(A3)—Z(Ag)
| L(2@A))22(Z(A)+ L(L(A)-2L(Z(A))+  L(L(A3) 2.2 (L (As)+
0= +Z(L(A)) +2(L(As)) +2(L(A3))
~D(ZAN+2Z(L(A) - —Z(P (M) 122 (L ()~ —Z(Z(A))+22(L (A3))~
— (P (Ay)) —Z(Z(Ay)) ~ %(P(43))

Lastly, for the class:

— 1 — 1 - —
vV =z121 + 5 217122 + 5 227121 +

(1V),:

+ 04(21722751752) + UOQ(ZlaZQvElvEQvu)a

the graphing function o has zero Levi determinant.

09



Results

Theorem. [Merker-Sabzevari 2013] For a Levi nondegenerate hypersurface
M? c C? graphed as:

U = 90(33 Y5 U),
the single Cartan curvature which depends on the 6-th order jet Jg,yjugp of
the graphing function has:

~ 1500000 terms.

e Six classes:

Lo, Wy, W, Ve, Vo

)

Theorem. [Merker-Pocchiola-Sabzevari] Explicit reductions to an absolute
parallelism or to a Cartan connection for all six classes of CR manifolds at
a generic point up to dimension:

3. 4, 5.

Theorem. [Merker-Pocchiola-Sabzevari] Curvatures explicit in terms of graph-
Ing functions.




9

e Class |Vo:

e Isaev-Zaitsev 2013 and Medori-Spiro 2013: Existence of an absolute par-
allelism on a certain 10-dimensional manifold P related to the biholomorphic
equivalence problem between holomorphically nondegenerate hypersurfaces
having Levi form of constant rank 1.

Theorem. [Merker-Pocchiola-Sabzevari] Explicit reductions to an absolute
parallelism or to a Cartan connection for all six classes of CR manifolds at

a generic point up to dimension:
3, 4, 5.

Theorem. [Pocchiola, Ph.D. 2014 Orsay] Precisely 2 invariants:
J and W

are related to the biholomorphic equivalence problem for 2-nondegenerate
hypersurfaces M° c C> having degenerate Levi form of constant rank 1.

e Isaev 2014: Recovering of Pocchiola’s two invariants in the special tube
case:
v = (1, 22).



e Fact: Pocchiola’s formulas are invariant, they have exactly the same form in
the general case:
v = @(x1,y1, 22, Y2, u).

e Isaev 2014: If a tube hypersurface is locally bitholomorphic to the light cone,
then it 1s 1n fact affinely biholomorphic to it.

e Merker 2014: Direct short proof without using J and W (unpublished).



Hypersurfaces M/° C C° of Levi-Rank 1
[Ph.D. Pocchiola 2014]

e Local real analytic hypersurface:
M° c C°.

e Graph:
uw = F(z1, 29,71, %22, 0)

= 2171 + 4 21 Zo + 2 T2 + 21212979 + O(5).

e Two generators of 71U/

0 0
S
<1 5’21+ L ow’
0 0
S
<2 822+ 2 ow

e Assume Levi form is of contant rank 1:

<0> _ (ﬁ (A@) - A v (B

_ A)-Z >$1<A2>>><
) T\ (AA) - B(AY) v (BA) - B(42)

9



e Generator of the kernel of the Levi form:

H =D+ kL.

e Function-Coefficient:

- B(A) + A ()
_A@A) -7

— 7+ 0(2).

e CR-transversal field:

e Bracket:

T =1 [gl,gl].

AT [kt + 5 B
=k [A. 4]+ |2, 4] - Ak L

— 7k A



e Lie structure:

e Jacobi relations:

and

7.4 =-P7

7.7 = P97

T, 4] = Ak T+ T(k) A

7.7 = AE) T + TR D,

A, 4] =T,

2, X | = A(k) A,

A, x| = A(k) 4,

A, X = Ak 4

A, X = 4(k) A

o, A =0.
H(P)=—-P(k)— 4 (A(k),
H (P)=—P Z(k) - & (L(k))

99



e Darboux-Cartan structure of the initial coframe:

(dpo P poAkg+P pg ARy — LK) poACo— LK) po Ao+ kA Ky
drg = —A(k) ko A G+ Zi(k) CoAFo— T (k) po A Ko

{ d=0

dig = =21 (k) Fo A o — Li(k) ko A G — T (k) po A kg

| o =0.

¢ Initial ambiguity group:

(CCOOOO\
b c000
g=|def00
b00cO

\d 00&f)

e First normalization:




e Maurer-Cartan forms at second loop:

dc

], ac
N c%zb7 bd

2 . @4b  bac
b cc ¢k’

3 (—dc+eb)dc (—dc+eb)dc dd bde
b= c’c - c2c? T &
54::__S%E+K?E_%de.

C cc ¢

e Structure:
dp:ﬁl/\,0+ﬁ/\p+U5,€p/\lﬁ;+Ugcp/\CJrUggp/\EwLUgZp/\ZwLi/ﬁ;/\E,
dm:wavﬂyAp+U&pA%+U&pAC+U&pAE

+U&pAC+U&&AC+U&%AE+CAE,
dC =B Np+B N+ B NC—=BACHUS pAE+ U pAC+ U p AR
+Up%p/\@rUgan§+U,ﬁﬁm\mtUEZKAZ+U§E§/\E+U§Z§/\E.

e Torsion coefficients:

Ul =1—+4 ==
s c? 4 (k)

b e Ak P
+,

89



U/ﬁ]

pr

P: — ——
128 Céﬁ(k)’
s« Z(F) P
r = 2 & L) P
cc cAH(k) T
o c4(k)
128 Eéﬁ(%)’
T (k) e dZ(k) .bb beZ(k) b
T = o o et 3 P
cc c‘c ¢ Ak cct ¢ A(k) c«
. b
K~ e
) d e b> beZ(k) b
Ur=gtm 'ea ™3 2 (k)
. b A®
U =—= ,
178 Cgl(k)
i _ Sk

A0




e b
U:E:__+Z__7
C CC

¢ _ d A (?i(k)) B ed E(E) JreéB Z(k)+
e (k) < & (E) Se & (E)

b A (LK) e T (LK)

+ N — N _
et A (k) A (k)

2h db d
—iy(k)—e—ﬂ — + =P,

c2c ccs c2c c2¢C

dZ (k) &2 (k) b A(AK) b A(AK)

2Lk Sk & Ak Ak

T (L (k) eb be A (k) d.74k)

e — = ——

c A(k) kT Ak LAk

e Z (k) esb () B 2 (& (k)
PR o 2 (E) 3¢ 2 (E) 2 Z( /c)

b ZA(Z(k) e L &b db

e Ak i &

N A=

P,

0oL



¢ _ %€ < = ;2
KE 5 gl (k) + = gl (k) 2 + 17—,
. __e4(k)

U/{Z Eogl<k)7
L w A k) 1AZW) e
ook T Ak c’
¢ _ <2 (k)

U = - —

CC Cog,ﬂl (k)

e Normalizable coefficient:

b= —iGe+i-
1 CE 7/3

c <c2”1 (Z(k)) ?> |




e Third loop normalization:

L% 2¢ 4 (AK) 1A (Ak)P

d= =iy +igi T T =

_itepr il Ez(p)_ Lc 2 (L (Z(k )))
9¢ 6 ¢ 6¢C A (k)

Theorem. [Pocchiola] These two explicit invariants J and W whose de-
nominators are related to the nondegeneracy of the Freeman form are
fundamental for real analytic hypersurfaces M° C C3 having Levi form
everywhere of rank 1. Such a hypersurface M? is biholomorphic to the
light cone:

Z121 + % 212129 + % 292121

U =
(LO) I — 2929
= (Re 21)2 — (Re zé)Q — (Re zé)Q,
locally
which possesses a group of local biholomorphic automorphisms of di-

mension 10:
Autop(LC) = Sp(4, R),

L



if and only If:
0=W = J.

Furthermore, if W % 0 or if J # 0, a canonical absolute parallelism
exists on M, and in this case, the automorphism group of M always
satisfies:

dim AutCR(M) < 9.

e First fundamental invariant:

W LW 2F @) 1x (P
TTHk '3 Zk 3 Ak

IAAW) X (AR) 1 (AAW)) | P

b) 4 "

3 Z(k)? 3 Z(k)?




e Second fundamental invariant:

= S LAWK 5 1 1A (AK)
=% Zi(k)? P+3P°§“ﬂ1( )_5 Z(k)
20 A (ZK) 57 (k) A (A (L)) N
07 AP 6 EADE




Deformations of the Beloshapka Cubic

[Merker-Sabzevari 2016]

e Coordinates on C*:

(z,wl,wg,wg) e C*

e Model cubic of CR dimension n = 1 in C*:
[Beloshapka 2000]

w] — Wy = 2122,
wy — wo = 2i22(2 + 2),

w3 — w3 = 2z2(z — 2).

Proposition. The Lie algebra:

autop(M) = 2Rebhol(M)



of infinitesimal CR automorphisms of the model cubic is 7-dimensional,
generated by the real parts of the seven holomorphic vector fields R-
linearly independent:

T = 6“}17
Sl = aw27
SQ = 611)3,

Ly =0 + (2i2) 0wy + (202% + 4w1) Oy + 22° O,
Ly =i 0, + (22) O, + (22%) Oy — (202% — 4w Oy,
D = 20, + 2w Oy + 3w Oy + 3w3 Ouys,

R =120y — w3 Oy, + w2 6@03-

e Commutation table:

9L



SoS1T Ly L1 D R
Sor0 0 0 0 0 35y =957
Sy« 00 0 0 351 59
T % x 045 45, 21" 0
Lol x x x 0 —4T Lo —Iq
L1« x x x 0 Ly Lo
Dix x x x % 0 0
Rl * *x % % * x 0.

o Set:
g := autgr(M),

e Decompose:

g_3 := Spang(S1, S2),

g—o = Spang(T),

g_1 := Spang (L1, L),
go = SpanR<D, R>.



e Natural graduation:

g=9g-3D9-2Dg_1Dgo D 91-

~ ni classification
of Goze-Remm

e Coordinates:

(z:c + 1y, U1 + vy, U9 + 19, uz + z’vg) c Ch.

¢ >-dimensional graph:

vl = (701(377?%“17“27“3)7
v = @o(x, Y, uy, ug, us),
v3 = @3(x,y, uy, ug, us).

e Generator of 7V:1 1/

— 0 0 9, 0
Ry N N A W
== 18@1+ 28w2+ S 05

8L



e Expression of its coefficients:

A AL
A1 = KZ + ZK;
AZ A2
A2 = K?) -+ ’LKB,
A3 A3
A3 = K + 'LK.
e Denominator:
A=o?+7°

Y
e with:
0 — 903113 + Splul + ¢2U2 T 901u2§03u1902u:; T @11&3%02111903112 + 901UQSOQU1903U3_
- Splul SOQUQSO?)Ug + Splul ¢2U3¢3UQ + 901u3803u1 9021127
T=-—1+ Plu; P2us — P2u3P3us — PlusP3ug + P2usP3us — PlusP2uq + Plu; P3us-



e Numerators:

A% = ( — P3u3P2:Pluy — PlugP3y T P2usP1aP3us T P3uzPly — Plz — P2yPlugT
T P2u3P3P1uy T PusPly — P2usP3usPlz — PuyPlusP3e T 902:13801%%03@)0 +
+ (801u3903a; — P1y T P2:P1uy T P2usP1usP3y — P2usPle — P2usP3usPly—
— P3usPlr — PusPlusP3y — P3usPlusP2y T+ PlusP3us P2y T 902uQ903u3901y)T ;

Ay = (901U3903x — Ply T P2:P1uy T P2u3PlusP3y — P2usPle — P2u3P3usPly—
— P3u3Ple — PusPlusP3y — P3uzPlusP2y + PlusP3us P2y + 902u2903U3901y)0 —
- ( — P3u3P20Pluy — PluzP3y T P2usP12P3u3 T P3uzPly — Plz — P2yPlust
T P2u3 P32 P1uy T PusPly — P2usP3usPle — P2usPlugP3a T 90295%01U3903UQ)T ;

/\% = ( — P22 T P3u3P2y T PlugPou1 P32z — P2usP3y — PlugP3ui P20 — P2u Ply—
— P2y P3usPle + Pluy P2y — PruyP2usP3e + O3y P2usP1z + Plug PausP2s ) O+
+ ( — P1u1P2u3P3y T PlusP2u1 P3y — PlusP3ui P2y T P3us PusPly T PousP3z—
— P2u P3usPly — P3usP2x T Plug P3usP2y T P2u; Pl — Plug P22 — SOQy)T,

A% - ( — P1uP2u3P3y T PlugP2u1 P3y — PlugP3ui P2y T P3ui P2usPly T PousP3z—
— P20 P3u3Ply — P3uzP2z T Plug P3usP2y + Pouy Pla — Plug P2z — 902y)0 —
- ( — P2z T P3uzP2y T PlusP2u; Pz — P2usP3y — PlusP3u P2a — P2u Ply—
— P2u1P3usPle T Plu; P2y — PlugPusP3z T P3u; PusPle + 901u1903U3902x)T ;
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A? - ( — P20 PlugP3z — P3ui Ply T P2u1P3usPle + Plui Py — P3ugP2usPla—
— P3usP2y T P3usPlusP2z T P2usP3y — P3usPlus P20 T Pluy P2usP3z — 903:c) o+
+ ( — P3usP1uy P2y T P2u1 P3usPly T P3ug Pl T P3us PlusP2y — P2uy PlusP3yT
+ ©3usP20 — Plu; P32 — P3u1P2usPly T Plug P2us P3y — P3y — 802u2903a:>7 ;

Ag - ( — P3uyP1u; P2y T P20 P3usPly T P3uy Pla T P3us Plug P2y — P2us Pluy Pyt
+ O3uy P2 — Plu; P3z — P3u; P2usPly T Plug P2usP3y — P3y — 802@%031-)0 —
— ( — P2 PlugP3z — P3u1Ply T P2u P3usPla T PlusP3y — P3ugP2usPle—
— P3usP2y T P3us PlusP2z T P2usP3y — P3usPluy P2 T Pluy P2usP3z — 90393)7 :



e Third independent field:
T =1 [3 ,g}

e Direct:

T, 0 1,0 130

N30u, | Aou; | A

7= A3Ous | A30ug

e Expressions of the numerators:
T, = —(AQA%m — AAAL — APA] + AAyA% + AA%A%U1 — AA%A%U1 — AA%A}U2+

ly
+ A AAS — ANSAT,, + Ay ASAT + AATAY, — AL ATAL + ANTA, — A ATAS),
Yo = —(A°A3, — AAAS + AMAS, — Ay AJAS — A’AT + AA AT — ANAT, +
+ Ay AJAT + AATAS, — ANSAT, + AATAS, — AL ATAS — ANSAT, + A, ASAT),
Ty = —(A%A3, — AAAS + AAAS, — Ay ATAS — A’AY + AN AT — ANAT, +

+ Ay AJAT — AAgAi’u2 + Ay, ASAT + AA?A%US — AA%A?US + AA%A%W — AUQA%Ag).

e Last 2 fields completing a frame:

e Notational contraction:
v 1 —4ls 0 +F§—irg 9, +F§>—zr§ 9,
B AP 8u1 AP 8u2 AP 8u3'

4]



e Partial expansions:

I} = —2(1A%Y1,, — 3AA,, Y1 + AAI Y1, — 24, A} T — AAL, Y1 — AA], To+

+ Ay Af Yo — AL, Ts + Ay, Al Ts + AN Y1, — BAL AT + AAIT 1, — 3A,,AIY),
I? = —2(A%Ya,, — 3AA;, Yo + AN Yoy, — 38, AJ Yo — AAZ, Ti + Ay AT+

+ AN Yo, — 28, A7 o — AT Yo — AAZ, T3+ Ay, A7Ts + AAI oy, — 30, AY,),
I = —2(A%Y3,, — 3AA,, Y5 + AN Tay, — 38, AT Y5 + AAZ Y5, — 3A,, AP T3—

—AAS, Y1+ Ay AT — AAS Yo + Ay, AITo + AN Y5, — 24, AST5 — AAY, T5).

Even at the starting point, the data explode!

e Five fields making up a frame:
{(7.7,7.2 2}

where:

AR
|



e Length 4 brackets:

L, S| =PT+QS+RY,
<, S| =AT+BS+BY,
¢ S| =AT+BS+BY,
L, S| =PT+RS+Q7.

e Length 5 brackets:

7. 7] =i, 2, [Z. 2. 2|

Lemma. The coefficients of the two brackets: -
7, S| =ET+FS+G7,

7, 7| =ET+GS+F 7,

are the functions:
E=—-i%(P)—iAQ—iPR+i¥L(A)+iBP+iAB,
F=—iZ2Q)—i1RR+iA+:1Z(B)+1 BB,

G=—-iP—iBQ—-iRQ—-iZ(R)+iBR+iBB+i¥%(B).
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e Length 6 brackets:
7, 7] = |12, il2.2), [Z.i2,2]|

Lemma. The coefficients of the last bracket:
S, S =iJT+KS - K.,

are the functions:

- 2J = -Z2(Z(P)) + Z(ZL(A)) + Z(Z(4)) - £ (Z(P))
—QZL(A)—2A2(Q) - RZ(P)-2PZ(R) —2ARR —2PP — BPQ — PQR—
—~RZ(P)—2P % (R)— QL (A) —2A%(Q) — PQR — BPQ+

+2P%(B)+ BZ(P)+2AZ(B)+ BL(A)+2A%(B)+2AA+2ABB +2P ¥%(B)+
+ BPR+ BBP + B.%2(A)+ B.2(P)+ BBP + BPR,

20K =-2(Z(Q)+Z(Z(B)+£(Z(B) - Z(ZL(R))-
—2RZ(R)-R%(R)-BZ(Q)—- BRR—-2PR—-QRR—-2%(P) - RZ(Q)—
~2Q%(R)-QZ(B)-2B2(Q) - AQ — PQ — QQR — BQQ+
+22(A)+BZ(B)+2B%(B)+3B.%(B)+3AB+ BBQ+2BBB+2R.%(B)+
+BBR+ B¥(R)+ BP + Q% (B).



e Relations from Jacobi:

0tz |2 2 [Z. [.z,?]}]:_ _9 }Sf, Z, |2 |2 [,s,ﬂzm: + [Z [,,%, 2, [, [gzum,

022 2, (2. [212.2)]])]| 27 [z 2. [Z.12.2])]|+ |2 [2 [Z. [Z12.2]]]]

0l 2. (2 [Z.12.2)]]|-3]2 [Z (2 [Z.12.2)]]]| +3 ]2 [z [Z [z.2.2)]]]-
-7 [Z (2. z.12.2)]]

e Frame and dual coframe:

— 0 0 o o0 0
{dUg,dUQ)dUl, dZ, dZ} {auga au27 aula 0z’ 0z )

e Introduce:
{70, 00, po, ¢, ¢} dualof {7 ¥ T Z £}

e By definition:

o) =1  wL)=0 T®mIT)=0 FHL)=0 (L) =0
O'()(Z) =0 O'O(y) =1 O-O(g) = () 00(5) =0 0'0(9%) = O,
po(L) =0 po(&) =0 p(T)=1  p(ZL)=0  p(Z)=0,
Co() =0 () =0 () =0 C(Z) =1 G(Z2) =0,
GF)=0 Q) =0  GT)=0 G@)=0 (L) =1
e Observation:
o= dz et (o =dz
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e Lie structure:

n
[D%Z'l, O%LQ} = Z afmé gk (1< <ig<n).
k=1
e Duale Darboux-Cartan structure:
dw® = — Z afhzéwzl/\wz? (k=1--n).
1<11<19<n
e Array:
2 5% T k% L
I doy dpo dGo|  [dGo
B4 K- 4+ -K- %4+ —J- + 0 + 0 |ogAoy
7 T -r Y+ -G+ —-E- + 0 + 0 |69/ po
S YL =-Q- S + -R-S + —-P-T + 0 + 0 |ogAG
4 = -B-Y + -B-Y + -A-J + 0 + 0 |50A(
S T = -GS+ -F-Y + -FE-7 + 0 + 0 [og/Apo
S L] =-B- S+ -B- + -A-T + 0 + 0 |ogAG
S L) = -R-S + -Q- S + —-P-T + 0 + 0 |o0AQ
7, 7] = - + 0 + 0 + 0 + 0 |poAGo
7, % = 0 4+ - + 0 + 0 + 0 [poA G
L= 0 + 0+ i + 0 + 0 |GAG




e Read vertically and change signs:

dog=—K -doNoo+F -ToApp+Q -ToACy+ B -9 A Cot
+G-ogApy+B-og Ao+ R-00 Ao+ po Ay,

dog =K -TgNog+G-ToApg+ R-59g A o+ B -5y A (ot
+F-ogApo+B-og A+ Q-9 o+ poA o,

dpg=i1J -ToNog+E -ToApy+P-Tg Ao+ A-ToA (ot
+E-ooApy+A-agNCy+P-og Nl —iCyA o,

dZo:()y

d¢y = 0.

e Ambiguity group of G-structure:

( aaa 0 0 00 )
0 aaa 0 00
G=qg9g=|¢c c al0|, abcdecC,.
e d bao
\ \d e bOa} )
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o Lifted coframe:

o aaa 0 0 00\ /[og

(0\ (O aaa 0 0 O\ ((78

pl = ¢c c aa00] |py

¢ e d baol |G

\¢/  \d e boa) \G
g

e Structure equations:

do = (201 + @) Ao+
+U1cANT+Uso Ap+UsoANC+Uso A+
+Usa A p+Usga AC+U-3 A+
+p A,



dp=a9oNo+ayNo+a; Ap+ay A p+

+VioANT+ Voo Ap+VaoAC+Vio A+
+Vog Ap+VigAC+ V3G A CH
+V8p A C+Vep ACH

+1C A,

d =asNo+aysNoc+as Ap+ap AN(+

+WioATH+Woo Ap+W3oAC+Wyo AC+
+WsGAp+Wsa AC+Woa ACH+
—I-ng/\C—l—Wg,O/\Z—l—

+W10C/\E.

e Initial torsion coefficients:

[ 1 For do:

06






C bc bc ce c bc — bc cd
& 2332 4 2432 ¢ 233" B+ 2432 + 2332 G 233’ B = 2132 1 233"
1 b b . be bd
Bl ml T AT e T R
C cC C . bc d
BrmYTmtEm e T
C C — cc 1 bc e
Vi=——B B CAti— =
1T 232 a2a? a’%3® a3 i 2332 aZg’
c b
WW=—+i—.
a’a aa
e ce bce de bce ee ce —
2333 K= atat Ft a®3? @- 243’ @+ 213’ B = 233t B+ atat G-
bce ee bce — de — cde Cee
Pt B+ ada’d B - adad Et 233t R+ ahal  a%3t
d — cd — bed — dd — becd — de — cd
+ 233’ K+ ata? b= PRFE @+ a3at @- a®a? B+ 243’ B= ata? G+
bcd 5 de — bcd dd cdd cde
+ atad 333t + a3t a3’ atdd + NE
b bc bbc bd bbc be bc —  bbc — bd —
gl Tttt el Tl T A= 2337 At N R =L
bbc A be A bbce  bbce bee  bbcd bbcd | bdd
253t + aizd ! P ! PRFE i ata? e PEFE e 3 ! ata?’
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e B be B be ee d B m—_ bd dd

2332 4 2432 @ 233" B+ 2432 + 2332 G 233" B 2132 1 233’
b bb bb _bbe _ bbd
+ a33? E a13? P a3a’® Ati at3’ ! ata?’
e ce d bbc bd
R+—P—i
233 a43? * a’a + a’a Y= e a33?%’
e d — cd b bbc _ be
a2a? B a23? B = a’a®  a23? At VeI Pl
e — be be — de d — bd — bd — ed
a3’ G- a3a’® B - a2a? & a’a®  a23’® = a2a? Q- a’3’ B+ a2a?
b — bb — bb —  bbe  bbd
+ a2a’ E= a2a? P= a3a’® A= a3a? e a3at’
e ce d — b _bbc . be
a23? B 2333 + a23? B+ a23? A—i 233t T a23%’
e — d—- d b —  bbe bd
SR Qe Pt i — i
aa® aa° @ a2at  a3? 233t a3’
e _ bb
aZa a23?’
d _ bb
23> 2232



e Obtain 5 essential torsions potentially leading to normalizations of *
group parameters:

1— b b d
Us=—=G——B——=R+—;
’ ?2 2152 a’ +aa27
UG_:B_%a
aa dd
Ur==R
7 52 ) -
_ 1 1 — b
Us+ Uy —3Vi==-Q —d—+-B —3i—,
? a“d d dd
Uy—Vs—Wy=-B——.
d dd
e Exceptional torsion:
Q —
R
32

Proposition When R # 0, the coframe reduces to an {e}-structure on
the base M — end of explorations.

¢ Remaining branch:

Suppose R = 0.




e Three normalizations:

b:=a(—iB+LQ).

d=3(-iZ(B)+iP+4BQ).

Lemma. The exterior differential:

dGO = y(Go) -0+ ?(GO) -0+ y(Go) * Po+
+.2(Go) - G+ ZL(Go) - ¢



of an analytic function G on M° c C* expresses, in the lifted coframe,

as.
1 C bc
dGO — O - (% y<GO> - E L7.<C;'O) + 452 G%(GO)_
e bc — —
— =Z(Go) + 55 Z(Go) — 55 Z(Go) |+

a’a a’a a2

+ 0 - (L?<Go> — i 9((;0) + —_0%<GO)_

a3’ 223"

¢ Final normalization:
e:=a-(1.4(B)—iA—-2iBB+%{BQ).

e Examine other subranches which potentially normalize a.

el
(o))



Cartan Connections in CR Geometry

e Homogeneous space: Beloshapka’s cubic model MC5 c C* happens to be a
homogeneous space:

M= G'/H* = N},

namely a quotient of a 7-dimensional real Lie group G' by a 2-dimensional
closed commutative Lie subgroup N2 = (C*, x), the resulting quotient being
the unique connected and simply connected nilpotent Lie group corresponding
to the real nilpotent Lie algebra with generators xq, x9, X3, X4, X5 named n% n

the Goze-Remm classification:

f - -
X1, X2] = X3,
4 _ -
n5: < X1, X3] = X4,

X9, X3] = Xs,

unwritten brackets being zero.

¢ Infinitesimal CR automorphisms The Lie algebra:
autCR(A4?)



of infinitesimal CR automorphisms of Beloshapka’s cubic model ]\IC5 c Ctis
7-dimensional, generated by the real parts of the following 7 vector fields of
type (1, 0) with holomorphic coefficients:

ngzaiwg,

Sq ::5%2,

T::a%,

Ly = § 42Tz g0+ (2V712° + dwn) 52+ 227 52,
LQZ:\/T%‘I_QZ&—M—I—QZZa (2\/71,2 —4w)aw3
D::z%+2w1%+3w2%+3w3%,

— 7,0 O 0

¢ Isotropy subalgebra of the origin:

R(D+D)®R(R+R).

e Commutator table:
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SoS1T Ly L1 D R
Sor0 0 0 0 0 35y =957
Sy« 00 0 0 351 59
T | x x 045y 451 2T 0
Lol x x x 0 —4T Lo —Iq
L1« x x x 0 Ly Lo
Dix x x x % 0 0
Rl *x *x x * x 0

e Nilpotent subalgebra: The five fields So, S, T, Lo, L1 generate a nilpotent

Lie subalgebra of autCR(ME’) visibly 1somorphic to né.

Theorem. [Merker-Pocchiola-Sabzevari] Associated to every Class 1 lo-
cal CR-generic €% submanifold M° < C?*, there is a canonical Car-
tan connection (P’,w) modelled on the nilpotent homogeneous space
G'/H? = N} =~ M whose natural orbit space is Beloshapka’s cubic

model M? c C*.



CR-umbilics of Real Ellipsoids

Despite their importance, until now, the invariants
of pseudoconvex domains have been fully com-
pleted, to our knowledge, only in the case of the
unit ball B"*! < C"*!, where they all vanish!
Webster 2000

e Coordinates on CN=2 >~ R2N=>4,

¢ Ellipsoid:
(Ea, 15 )

2, = X, +v—-1Y; (1<i<N).

with real constants a; > b; > 0.

e Alternative view: [Webster 2000]

(Eq,... 40

Z (2Z; + Aj (2 +27)) = L.

[<i<N

001



e CR-Umbilical locus:

Umbcr(E4,,. Ay) = {p € Ba,.. 4y San(p) =0, V&ap,ﬁ,a}-

Theorem. [Webster 2000] In CNZ3 jf0 < Aj < -+ < Ay < %, then
) = Umbcr(E4,,...Ay)- [

e Observation: In C?:
g = sl

Theorem. [Huang-Ji 2007] Every ellipsoid E,, o, C C* has at least 4 CR-
umbilical points.

e Question: Do compact connected €“ Levi nondegenerate hypersurfaces
have all CR-umbilical points?

e Prior question: In C2, how the Cartan CR invariant:

11 . ~
Sll = JCartan

looks like?



e Hypersurface:
M3 c C?,
of class €%, €, €V, Levi nondegenerate.
e Implicit:
M = {(z,w) e C?: p(z,w,?,@)

e Reality:

p = p.
e Smoothness: Ateach p € M:
pz(p) # 0 or pw(p) # 0.
e CR vector fields of type (1,0) and (0, 1):
0 0 — 0 0
Pw 92 T Pz I an Pw 9= + 0z P

e Levi nondegeneracy:

[02”, y} =% 0 mod (ﬁf@g)

e Explicitly:

<01



0 pz puw
0 # — | pz P2z Puz
Pw Pzw Pww

= PzPzPww — PzPwPzw — PwPzPzw + PwPwPzz-

B Pzz Pwz —Pw
( P Pz) (Pzw wa) ( Pz )

= — PwpPwPzz + 2P2PwPrw — PzPzPww-

e Complex Hessian:

H(p) -

Lemma. [Son etal. 2016] The Cartan CR invariant is a nonzero multiple of
the determinant:

iy 200 20 2 Z(n)

pps, L (p2psy) L 2(p o) P (p:p%) 2 (psp)
JCartan = nonzero - P%Pw _<Pz/0w ( ggg %Pw §4

B2 2 2 2

) 2

(02)
Hip) Z(H(p)) Z"(H(p)) Z (H(p)

0))

S %p’w
(H(




Corollary. [Merker 2017] In real representation, the number of differential
monomials in the pure 6-jet:

Jgijp(:c, y,u,v) = 419 variables
of the respective 5 x 5 = 25 entries Is:

4 28 232 1760 11772
6 40 346 2396 15298
6 40 346 2396 15298 |.
4 28 232 1760 11772
34 184 1389 9392 56 745

e Computational obstacle: This determinant is not expandable, since for in-
stance:

34-28-346-2396-11772 = 9290735887 104.

e Compare with: [M.-Sabzevari 2012]
~ 4 hours of computations <+— ~ 1500000 terms.

e Universal Phenomenon in True Algebra: /nitial expressions share en-
tangled relations and hide serendipitous compactifications.



e Question: For an ellipsoid E in C?, can Umbcgr(E) be described explicity?

Theorem. [Foo-MERrRKER-TA 2017] For every real numbersa > 1,0 > 1 with
(a,b) # (1, 1), the curve parametrized by 0 € R valued in (C2 = R4.

v 0 — (z(0) +v=1y(0), ud)+ v=1v(0))
with components:

r(f) = \/ a—1__cos 0, y(0) = b<z_11> sin 0,

<b1>

\/b j sin 0, v(f) = — ;g 11> cos 9,
has image conta/ned /n the CR-umbilical locus:
7(R) € Umbcr(Eqp) € Eqp
of the ellipsoid E,, ;, C C? of equation ax® + y* + bu? + y* = 1.

e Difficulty: Deal with the single Cartan CR invariant of M = {p = 0}:

JICartan = jCartan(p)a
which contains:

38 310 differential monomials in J:?,y,u,v P,
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and show that:
‘)

0 =4 (jCartan) (6) (VO eR).
e Indispensable exigence: Possess an appropriate formula for Jc,an(0)-

e Serendipity: Such a formula already exists [Merker 2010].

Theorem. [Foo-Merker-Ta 2017] A pointp € M = {p = 0} is CR-umbilical iff:

0 = I, (p),
where:
to = ' {[22] 7 (42 o [22] 722 (%)
+ 15%#(@)] 72 H;g)) + 10 Lp(?z('-p(g))f %)f Hp(g)) _
1 .




e Exercise: Show:

¢ Ellipsoids:

0=p= a$2+y2+bu2+v2—1

e Proof of the theorem: Verify:

0 = 7*(I[w])(9) (VO eR).

Drop the factor 12 (pw)9 = 1, and call Ty, Ty, T3, Ty, T, T, T the seven
concerned terms, so that the goal becomes:

0 2 ’y* (Tl) + v* (TQ) + ’}/* (Tg) + ’Y* (T4) + ’)/* (T5) + 7* (T@) + *y* (T7).



e Hand-on-computer calculations:

-
[
SAN[ON)
:
—_
=
|
=

53
[
H=] O
:
—_
=
|
=

with, in denominator place:

D = (\/ECOSQfﬁ\/Bsinﬂf(abfl) <a
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with numerator 1:

N, = cos’6 [499 @%b + 625 a%/2b* — 23307/26° + 205 a%/%b — 631 a7/2b? + 15a%/% — 41547/%b — 65 a7/2]
+v=Tcos’Osin 0 | 2887 a*b™/? + 4401 a*b>/? — 1297 a%b7/2 + 1905 a*b*/2 — 4059 a®b%/? + 215 a*b'/% — 3327 a°b%/% — 725 a3b1/2]
+cos®fsin?0 | — 7023 a7/%b* — 13021 a7/28% + 3013 0%/ ?b* — 71050726 + 11011 a*/?b® — 1075a"/2b + 11059 a*/%b? + 3141 a5/2b}
+cos®0sin*0 | 7113 a%/2b° + 19891 a®/2b* — 2683 a®/2b° + 16279 a®/2b° — 14101 ¢®/?b* + 3757 a®/ 2% — 20989 */2b° — 9267 a3/2b2}
1+ =Tcos?0sin [3141 a6 /2 + 11059 a2°/2 — 1075 ab'/? + 11011 a®b™/? — 7105 ab”? + 3013 a2%/% — 13021 ab”/? — 7023 ab5/2]

+=Tcos*0sin®0 [ — 9267a°b%% — 20989 a®b7/2 + 3757 a%b%/? — 14101 a® b%/? + 16279 a%b™/? — 2683 a>b>/? + 19891 a%b*/% + 7113 a2b3/2]
+c0510 sin®0 [

725620 — 3327 a%/2° + 215a/26° — 4059 ¢®/%b* + 1905 a'/2b° — 1297 a*/?b° + 4401 a*/?b* + 2287 a1/2b3]

+ =Tsin" 6 [ — 65ab™®/? — 415ab™/? +15b/2 — 631 ab®/? + 20562 — 233 ab™/? + 6252 + 499 b7/2] ,

with numerator 2:

N := cos’ [f 165a%/%6% — 193a%/ b + 9347/%6° — 67a%/%b + 205a7/%b> — 7a*/* +115a7/%b + 19 a7/2]
+ y=1cos®0sin @ [ — 925a*07/% — 1389462 + 505a°7/% — 627 a*b*/% + 1341 a*>/2 — 83 a*b"/* + 975 ab¥/2 + 203 a3b1/2]
+ cos’@sin’6 [2177 a"?p* 4+ 4141a"/%6® — 1145 6°/%b* + 23594726 — 3673 a/2b® + 395 4"/ %b — 3367 a®/?b* — 887 a5/2b]
+ y=Tcos*dsin®g [2777 a®0°'% 1 6649 a7/ — 1397 a%6°/% + 4711 6%/ — 5449 a>67/% + 983 a°b%/? — 6211 a2b°/2 — 2063 a2b3/2]
[
[
[

+cos’0sin*0 | — 2063 a®/?b° — 6211a°/%b* + 983 a®/2b° — 5449 a®/?b% + 4711 0%/ %b* — 1397 a°/?b + 6649 a®/?b° + 2777 a3/2b2]
+v=Tcos?0sin®0 | — 887a%b* /% — 3367 a0 + 395ab'/? — 3673 a%b7/? + 2359 ab®/? — 1145 06>/ + 4141 ab™/? + 2177 ab5/2]
+cos'0sin®0 | 203 a®/26° + 975 6%/%b° — 83a/26° + 1341 a®/?b* — 627a/b° + 505 a/%b® — 1389426 — 925 a1/2b3]

+ v=Tsin” 6 [19 ab™’? £ 115ab™/% — 753/ £ 205 ab®? — 6751/ + 93ab™/% — 1935°/2 — 165 b”Q],

with numerator 3:

Ny := cos’6 [ — 91426 —109a%/2b + 654726 — 37a%%b+ 1150722 — 30%/% + 5547/*b+ 5 a7/2]
+=Tcos’Osing | — 499a*d™/? — 777a*b%/? + 3494a%07/% — 357 a*b%/? + 771 6°0%/% — 47a*bY? + 483a°6%/% + 77 a3b1/2]
+cos®0sin?0 [1143a7/%b* 4+ 22814720 — 781 a°/%b* + 13694a7/26 — 2143 a®/ 6% + 247a7/%b — 1723 0%/ %b* — 393 as/%]

+v=Tcos0sin®0 [1407 a®6%/2 + 3589 a®b7/2 — 937 a%b%/2 + 2761 a®b*/% — 3199 a%b™/? + 643 a®b>/% — 3271 a%b%/? — 993 a2b3/2]

+v=Tcos0sin0 | — 393a2p*/2 — 1723 a%0%/2 + 247 ab'V/? — 2143 a%b7/? + 1369 ab®/? — 781 a%b%/% + 2281 ab™/? + 1143 ab5/2}

+ cos®fsin*0 [ — 993a%/26° — 3271 0%/ 2b* + 643 a>/*b° — 3199 a®/2b% + 2761 0>/ ?b* — 937 a%/2b% + 3589 0/ %6 + 1407 a3/2b2]
+ cos'Bsin®0 [77a3/2b6 + 48303267 — 47208 + 771 a3/26* — 357 aM26° + 349 6>/26% — 777 a'/2b* — 499 a1/2b3]

+ v=Tsin" 0 |5ab'®/? + 55ab*/? — 3b13/2+115ab9/2—37b”/2+65ab7/2—109b9/2—91b7/2],



with numerator 4:

N, = cos’ 0 [ — 75a°?p® — 914°/%p? + 75 a™?b® —250°%p +91 a’?p? — 2 + 25 a™?b + a7/2]
+y=Tcos®dsin g [— 391a*b7/2 — 639 a*b%/2 + 391 ab"/% — 285 a*b*/% 1 639 a*b°/% — 204*b"/2 + 285 a*b*/2 + 29 a3b1/2]

+ cos”@'sin0 [839 a"?b* +1831a"/%b® — 839a°/%b* 4+ 1165a"/%b* — 1831 a°/%b + 197a"/b — 1165 a”/*b* — 197 a5/2b}
+ v=Tcos*0sin®0 [947 a®b%% +2779a°b7/? — 947 a®b/? + 2401 6°b°/? — 2779 a%b™/? + 593 a*b*/* — 2401 a*b*/? — 593 a2b3/2}
+ cos’@sin*0 [— 593 a°/2b° — 2401 ¢/ ?b* + 593 a®/26° — 2779 4/ 2b® + 2401 a®/?b* — 947 a°/2b* + 2779 4/ *b + 947 a3/2b2]
[
[
+ v=Tsin" 6 [ab13/2 +25ab™/? — b'3/2 4 91ab”? — 2562 + 75ab™/2 — 910°/% — 75 b7/2],

with numerator 5:

N5 :=cos’0 |6

1+ v=Tcos?0sin’0 | — 197a%6" /% — 1165 a%b%/? +- 197 ab'/? — 1831a%b7/% + 1165 ab®? — 839 a%b°/% + 1831 ab™/? 4 839 ab*”/ﬂ

1+ cos'0sin®0 |29 a>/2b° 4 285a%/26° — 296?14 639 a*/2b* — 285a'/?b° + 391 /b — 6394'/%b* — 391 a1/2b3]

3a%20% +69a%%% — 45a7%0° + 250°%b — 75470 + 3% —3547%b — 5 a7/2]
+v=Tcos®0sin 0 339 a*d™/? + 509 a*p%/? — 237a°07/% + 237a*b%/? — 511a°6%/2 + 35a%b"/% — 3154%6%/2 — 57 a3b1/2]
+cos’Osin?0 | — 763472 — 1521 a7%b® + 521 a°2b* — 909 a7/ %b% + 1431 %/ %% — 167a7/%b + 1143 0%/ %b% + 265 a5/2b]

+v=Tcos’0sin®0 | — 927a%6%/2 — 2409a°b7/% + 617a%°/? — 1841 a°b%/% + 2139607/ — 4234°b%/% + 2191 a*b°/? + 653 a2b3/2]

+cos’0sin?0 [653 a®?5° + 2191 a%2b* — 423 a®/%8° + 2139a%%b% — 1841 6°/%b* + 617 0%/ %b% — 2409 6°/%p° — 927 a3/2b2]
+ v=Tcos*0sin®f [265 a2b™/2 £ 1143 a26%/% — 167 ab'/? + 14316267/ — 909 ab®/? + 521 ab>/* — 1521 ab™/? — 763 ab5/2]
+cos'0sin®g [— 570268 — 315a%/%b° + 35a'/%6% — 511 a%/%b* + 237a'/%6° — 2374%/26° + 509 a/%b* + 339 a1/2b3]

+v=Tsin" 0| — 5ab'®/? —35ab'/? +3b'%/2 — 75ab°/% + 2502 — 45472 +69b%/% + 6367/2],

with numerator 6:

Ng :=cos’039a”%b® + 43a”%b® — 39476 +13a°/%b — 434"%0* + a*/*> — 13a"/*b — a7/2]
+v=Tcos’0sin0 [199a*b™/? + 315a*6>/? — 199667/ + 141 a*6*/% — 315a°b%/% + 17a*p"/? — 141 a°b%/% — 17a3b1/2}
+cos’0sin?0 | — 419472 — 919a7/%6% + 41940%/%b* — 577a7/%b* + 9196°/%b® — 1014726 + 577 0%/ % + 101 a5/2b]

4

+cos’0sin?0 {293 /2% + 1201 /26" — 2936%/%5° + 1399 a°/%6° — 1201 ¢°/%b* + 467 ¢/ %% — 1399 0°/%b® — 467 a3/2b2]
+ v=Tcos20sin’0 |101 a2b'Y? + 577a%6%? — 101 ab'/? +919a6™/? — 577 ab”? + 4194%6°/% — 919 ab™/? — 419 abW]
+cos'0sin®0 | — 17426 — 141 6%/26° + 170265 — 315a%/2b* + 141 0Y/%0° — 199 a*/28% + 315a/%b* + 199 a1/2b3]

+ v=Tcos*0sin’0 [— 467a%6%/? — 1399 a®b7/2 + 467 a2°/? — 1201 a®b%/% +1399a%b™/? — 293 a°b>/% + 1201 a*6°/? + 293 a2b3/2]
+ \/jsin7 (7] [

ab™/? —13ab™ /% 1 132 _ 43ab%2 41362 — 39ab™/ 4 436°/2 1 39 b7/2],
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with numerator 7

=cos’0 | — 27a%%% — 27a%%b% + 27a"/%6% — 90”20+ 27a7/*b? — /2 + 947 %b + a7/2]

+.=Tcos’0sin@ | — 135a*07/% — 207 a*b®/2 +135a°07/2 — 93a*b*/% + 207 %%/ — 13a*b'/% + 936°6%/2 + 13 a3b1/2]

2

+cos®0sin?0 [279a7/%b* + 6154026 — 2790°/%b* + 381 a7/%b% — 615a°/26° + 69a™/%b — 381 a°/2b% — 69 a5/2b]

+cos®fsin*0 | — 193a°/2b° — 801 a®/2b* + 193 a®/2b° — 939 a®/2b° + 801 a®/?b* — 307 a®/2b% + 939 a®/%b° + 307 a3/2b2]

5

+ =Tcos20sin°0 9a2b"/% —381a%°%2 £ 69ab'/? — 615a*b™/? + 381 ab”? — 2794%6°/% + 615 ab7/? + 279 ab5/2]

+ vTcos*0sin30 [307a3b9/2 19394372 — 3074262 + 801 ab™/% — 939 a2b™/% + 193 4°b*/2 — 801 a%6°/2 — 193 a2b3/2]
+ cos'fsin®0 [1 @265 1+ 936%26° — 130Y/2° + 207 a3/2b* — 93a/26° + 1356%/2b® — 2070/ 2b* — 135 a1/2b3]

+=1sin” 0 |ab*®/? + 9ab'/? — b13/2+27ab9/279b11/2+27ab7/2727b9/2727b7/2}.

¢ End of proof of the Theorem: The sum:
sN1(0) + 1 N2(0) + 5 N3(0) + g N4(0) + ¢ N5(6) + 1 No(0) + £ N+(0) = 0,
is null. []

Theorem. [v.2017] Foralla > 1 andb > 1 with (a,b) # (1,1):
dimR UmbCR(Ea,b> = 1.




This is a nice result but seems to contradict the
computations by Ezhov, McLaughlin and Schmalz
in Notices of the AMS, vol 58, no.1, indicating that
the real vertices are never umbilical. However the
curve described in Theorem 1.4. passes for a = 1
(and b > 1) through the "vertex” (0, b~1/2).

Our computations from the previous section
applied to the ellipsoid

a ) b }
lZ4 % + |z5 | + E(Zf + Z%) + §(z§ +25) =1

in C? at the vertex (0, \/% ) give us the harmonic

curvature

_96(b + *(=2(4b + 7)a®

a (b + 2)2

(1335b% + 3123b + 1450) a — 165(b — 1)b)
(b +2)2

K1

_|_

=0
k> = 0.

—_
o



e o = | subcase:

Theorem. [Foo-Merker-Ta 2017] For every real numbers b > 1, the curve
parametrized by 6 € R valued in C? = R*:;

v 0 — (z(0) +v-1y(0), ud)+ v=1v(0))
with components:

z(0) = 0, y(0) =0,

u(f) = \/Lgsinﬁ, v(0) = —cos#,

has image contained in the CR-umbilical locus:
7(R) € Umbcr(Ei ;) C Eqpp

of the ellipsoid E, , C C? of equation x> + y° + bu® + v = 1.
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