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Jets of Segre varieties

• Real submanifold:

M2n+c ⊂ Cn+c,

of codimension:
c = codimM.

• Ambient dimension:
N := n + c.

• CR-genericity condition:

TM +
√
−1TM = TCN

∣∣
M .

• Hence:
T cM := TM ∩ √−1TM

has constant:
rank (T cM) = n.

• Call:
CRdimM = n.
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• Assume real analyticity: M ∈ C ω.

• Existence of graphing coordinates:(
z, w

)
=
(
z1, . . . , zn, w1, . . . , wc

)
,

in which M is:
w = Θ

(
z, z, w

)
.

• Equivalently after conjugating:

w = Θ
(
z, z, w

)
.

p

Sp

M

0

• May assume:
0 ∈ M.

• Point near the origin:
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p =

(
zp, wp

)
.

• Segre varieties:

Sp :=
{

(z, w) ∈ CN : w = Θ
(
z, zp, wp

)︸ ︷︷ ︸
holomorphic!

}
,

hence they form a family of complex submanifolds of dimension n.

0

τ

t

Γ3(z(3))

Γ2(z(2))Γ1(z1)

M

Γ4(z(4))
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S 1
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S 2
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S 1
0

S 2
0

w

z

• κ-jets:
jκSp.

• κ-jet map:(
ζ, z, w

)
7−→

(
ζ, Θ

(
ζ, z, w), . . . . . . , ∂κζΘ

(
ζ, z, w)

)
Cn+n+c 7−→ CM.
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Lemma. A CR-generic manifold is Levi nondegenerate if and only if:

Jet1(Segre)

is of full rank:
n + n + c.

• CR mapping:
h : M −→ M ′.

• Another CR-generic:

M ′ ⊂ Cn+c 3 (z′, w′).

• Graphed as:
w′ = Θ′

(
z′, z′, w′

)
.

• Conjugate:
ξ′ = Θ

′(
ζ ′, z′, w′

)
.

• CR-map:

(z, w) 7−→ h(z, w) =
(
f (z, w), g(z, w)

)
= (z′, w′).
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• Invariant and unifying concept:

Definition. [M. 1996] The reflection mapping associated to h is:

ξ′ − Θ
′(
ζ ′, h(z, w)

)
.

Theorem. [Merker 2000] Let h be a formal CR map which is:

� either an equivalence;

� or CR-transversal.

If TM is generated by Lie brackets of T cM , then:

ξ′ − Θ′
(
ζ ′, h(z, w)

)
is convergent.

Theorem. [Merker 2000] If M ′ is holomorphically nondegenerate, h itself is
convergent.
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• Observation: This was the final result when TM is generated by Lie brack-
ets of T cM , because of the naturality of a necessary condition.

� M holomorphically degenerate means the existence of:
L = holomorphic vector field tangent to M.

� Then the flow:
exp
(
â · L

)
where â is any non-convergent formal series is a non-convergent invertible
formal CR equivalence M −→M . �

• Observation: The κ-jet map Jetκ
(
Segre

)
is not assumed to be of constant

rank.

Artin

Hironaka
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• Observation: The reflection mapping:
ξ′ − Θ

′(
ζ ′, h(z, w)

)
is an invariant object which expresses explicitly in terms of a defining
functions for the CR manifold M2n+c ⊂ Cn+c.

• Universality: Expressing geometric objects in terms of basic data is univer-
sal.
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Hyperbolicity, ampleness

• Consider a generic complex algebraic hypersurface:

Xn ⊂ Pn+1(C).

• Dimension:

n := dimX.

• Degree:

d := degX.

• Look at: Nonconstant entire holomorphic curves:

f : C −→ X.
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Y

C
f

X
f (C)

• Method: Lift f to the κ-jet space:

jκf(C)

πκ

{ω = 0}

C f

jκf
Xκ

Xκ

f(C)

X
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Theorem. [Diverio-Merker-Rousseau, Invent. 2010] For generic X, there exists
a proper algebraic subvariety:

Y $ X
inside which all nonconstant entire holomorphic curves:

f : C −→ X
are in fact contained:

f (C) ⊂ Y,
provided that:

degX = d > 2n
5
.

• Improvement:

Theorem. [Darondeau, Ph.D. Orsay, IMRN 2016] Same conclusion for:

d > (5n)2nn.
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• Open Problem:

d
?
> constantn.
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• Study: Product of multidimensional Laurent series:

A · E · F,
where:

A :=
∑

06k26n
06k36n+k2·····················

06kn6n+kn−1

(n2)!

(n + kn)! (n + kn−1 − kn)! · · · (n + k2 − k3)! (n− k2)!

r
n(n−1)

2 −k2−···−kn 1

(w2)k2 · · · (wn)kn
,

with r > 3, where:

E =
1− w2

1− 2w2

1− w2w3

1− 2w2w3
· · · · · · · · · 1− w2w3w4 · · ·wn

1− 2w2w3w4 · · ·wn
,

and where:

F :=
1− w3

1− 2w3 + w2w3

1− w3w4

1− 2w3w4 + w2w3w4
· · · · · · 1− w3 · · ·wn

1− 2w3w4 · · ·wn + w2 · · ·wn
1− w4

1− 2w4 + w3w4
· · · · · · · · · 1− w4 · · ·wn

1− 2w4 · · ·wn + w3w4 · · ·wn
· · · · · · · · · · · · · · · · · · 1− wn

1− 2wn + wn−1wn
.



16• Computational aspects: Simultaneous presence of positive contributions
and of negative contributions.

• Observation: Entire curves f : C −→ X satisfy algebraic differential equa-
tions:

Q
(
f, f ′, f ′′, . . . , f (κ)) = 0,

but nobody on Earth is able to express Q = QP in terms of a homogeneous
polynomial defining equation:

X =
{

[X0 : X1 : · · · : Xn+1
]
∈ Pn+1(C) : P

(
[X0 : X1 : · · · : Xn+1

])
= 0
}
.
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Low Degree Hyperbolic Hypersurfaces Xn ⊂ Pn+1(C)

• Complex line:
C 3 z = x +

√
−1 y.

• Unit disc:
D :=

{
z ∈ C : |z| < 1

}
.

• Euclidean metric: ∣∣dz∣∣2Eucl := dx2 + dy2.

• Poincaré metric: ∣∣dz∣∣2Pcé :=

∣∣dz∣∣2Eucl
(1− |z|2)2

.

• Curvature:
curvPcé ≡ − 4.



18• Geodesics of the Poincaré metric:

distPoincaré
(
ζ1, ζ2

)
= arctanh

∣∣ ζ1−ζ2

1−ζ1ζ2

∣∣

ζ2

D

ζ1

0

dist −→∞

• Connected complex manifold X:
dimX = n > 1.

• Any two points:
p, q ∈ X.
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• Chain of holomorphic discs:

p = f1(a1), f1(b1) = f2(a2), . . . . . . , fν−1(bν−1) = fν(aν), fν(bν) = q.

∆2

f2f1

∆1

X

b1

a1
a2

b2

f1(b1)

f2(b2)

p

f1(a1)
f2(a2)

X

∆ν∆ν−1

fν−1(aν−1)

fν−1(bν−1)

fν(aν)

q
fν(bν)

fνfν−1

aν−1

bν

bν−1
aν

pseudo-distKobayashi(p, q) := inf
ν, f1,...,fν

{ ν∑
i=1

distPoincaré
(
ai, bi

)}
.



20• Definition: A complex manifold X is said to be Kobayashi-hyperbolic when:(
p 6= q

)
=⇒

(
pseudo-distKobayashi(p, q) > 0

)
.

• Second Theorem of Brody. For a compact complex manifold X:(
X is Kobayashi-hyperbolic

)
⇐⇒

(
all holomorphic f : C −→ X are constant

)
.

• Corollary. Kobayashi-hyperbolicity is stable under small perturbations.

Conjecture. [Kobayashi 1970] Generic hypersurfaces Xn ⊂ Pn+1(C) with:

degX > 2n + 1

should be hyperbolic.

Theorem. [Brotbek, Invent. Math. 2018] Generic hypersurfaces Xn ⊂ Pn+1(C)
with:

degX � 1

are hyperbolic.
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• Homogeneous coordinates on Pn+1(C):

Z =
[
Z0 : Z1 : · · · : Zn+1

]
.

• Collection of Q > 1 hyperplanes:

Hi :=
{
Z ∈ Pn+1 : hi(Z) = 0

}
(16 i6 Q),

with deghi = 1.

• General position:

∀ I ⊂
{

1, . . . , Q
}

with Card I = n + 2,
⋂
i∈I

Hi = ∅.
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Theorem. [Tuan Huynh, IMRN 2015] There exists a homogeneous polyno-

mial:
s = s(Z), deg s = 2n + 2,

such that the hypersurface:
h1(Z) · · ·h2n+2(Z)− δ s(Z) = 0

is Kobayashi-hyperbolic for all small nonzero δ ∈ C and for n = 2,3,4,5.

• Open Problem: How to reach examples in degree:

d > constant · n ?
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• The percolation method of Zaidenberg:

Hj ∩ Pn′, j 6∈ I

?
f0(C)

Pn′(C) ?

?

Figure 2Figure 1

Pn′(C)

f0(C)

Hj ∩ Pn′

S ∩ Pn′

Authorized passage points
are prescribed
by an intersection with S

Figure 3

Hj ∩ Pn′

f0(C)

fεk(C)



24• Equation in the case n = 2: [Duval]

0 = h1h2h3h4h5h6 − δ
(
h2

1h
2
2h3h4 − ε56

(
h2

1h
2
2h3h4−

− ε46

(
h2

1h
2
2h3h6 − ε45

(
h2

1h
2
2h4h5−

− ε36

(
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · −

− ε26

(
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · −

− ε16

(
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · − ε13

(
h2

3h
2
4h5h6 − ε12s0

))))))))
• With 16 extremely small quantities:
0 < δ � ε56 �

� ε46 � ε45 �
· · · · · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
� ε16 � ε15 � · · · · · · · · · · · · · · · · · · · · · · · · · · · � ε13 � ε12 � 1.
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Ampleness of Cotangent Bundles

• Complex manifold:

X.

• Dimension:

dimX = n > 1.

X

(z1, . . . , zn) local chart

Cn

U open

• Holomorphic cotangent bundle:

ΩX.



26• Local section:

ω ∈ Γ
(
U,ΩX

)
.

• Writes:

ω = ω1(z) dz1 + · · · + ωn(z) dzn.

• Riemann surfaces: [n = 1]

genus = dim Γ
(
X, ΩX

)
> 1.︸ ︷︷ ︸
often

• However, in dimension n > 2:

0 =︸ ︷︷ ︸
Naruki
1977

dim Γ
(
X, ΩX

)
.

• Substitute:

ΩX // SymkΩX.

• Bundle of symmetric k-differentials: With k > 1:
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• Local section:
ω =

∑
16i16···6ik6n

ωi1,...,ik(z) dzi1 � · · · � dzik︸ ︷︷ ︸
symmetric tensor⊗

a�b= b�a

.

• Always in what follows:

X = Xn ⊂ Pn+c(C).

• Smooth complete intersection of projective algebraic hypersurfaces:

X = H1 ∩ · · · ∩Hc,
with:

c = codimX.

• Hypersurfaces:

Hi =
{

[Z] ∈ Pn+c : Ri
(
Z0 : Z1 : · · · : Zn+c

)
= 0
}
.

• Abbreviate:
N = n + c.



28• Homogeneous polynomials:

Ri =
∑

a0+a1+···+aN = di

Ri,a0,a1,...,aN︸ ︷︷ ︸
∈ C

(
Z0
)a0
(
Z1
)a1 · · · · · ·

(
ZN
)aN.

As said, by Naruki, there are often no nonzero global holomorphic sections of ΩX.

Even worse:

Brückmann Vanishing Theorem. [1996] When c < n, for all k > 1:

0 = Γ
(
X, SymkΩX

)
.
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RIEMANN SURFACESc

2,2 3,2

HYPERSURFACES KOBAYASHI CONJECTURE
3,12,1

n

BRÜCKMANN VANISHING THEOREM

Fortunately:

Theorem. [Schneider, Brotbek] When the codimension c > n is larger than
the dimension:

dim Γ
(
X, SymkΩX

)
> constant

positive
· k2n−1,

for all k > ∃k0� 1.



30• Interpretation: This means bigness of the line bundle:
OP(ΩX)(1)

��

P(ΩX).

General idea: Bigness conducts to expect maximal richness of the space of sections

Conjecture. [Debarre 2005, ENS Paris] When c > n, the intersection of
generic hypersurfaces:

H1 ∩ · · · ∩Hc =: X ⊂ Pn+c,

of sufficiently high degrees:
d1, . . . . . . , dc � 1

should have cotangent bundle ΩX ample.

• Definition: [Hartshorne 1966] ΩX is called ample when there exists k0 � 1
such that, for all k > k0, the bundle:

SymkΩX −→ X
is very ample.
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• Definition: SymkΩX is called very ample when two conditions hold.

(i) For all x1 6= x2 ∈ X, global sections are surjective on fibers:

Γ
(
X, SymkΩX

)
−−−−→

onto
SymkΩX

∣∣∣
x1
⊕ SymkΩX

∣∣∣
x2
.

(ii) For all x ∈ X, global sections are surjective on first jets:

Γ
(
X, SymkΩX

)
−−−−→

onto
Jet1SymkΩX

∣∣∣
x
.

Theorem. [XIXth Century] Riemann surfaces (n = 1) of genus > 2 have
cotangent bundle ΩX very ample.

[Complete solution of Debarre Ampleness Conjecture]

Theorem. [Xie 2015, Ph.D. Orsay, Invent. Math. 2018] For all c > n > 1, for
generic:

H1 ∩ · · · ∩Hc = X ⊂ Pn+c=N,

of degrees: [Effective!]

d1, . . . . . . , dc > NN2
,

ΩX is ample.
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c

n

2,4

XIE
BROTBEK

• Before:

Theorem. [Brotbek, Math. Ann. 2014] For c > 3n− 2 and for equal degrees:

d1 = · · · · · · = dc > 2(n + c) + 3,

ΩX is ample.

Brotbek-Darondeau 2015: Noneffective solution



33
Theorem. [M. 2015, using multidimensional resultants] Improvement on Xie’s

degree bound:
d1, . . . . . . , dc > N5 N.

Theorem. [M. 2016] The surface X2 ⊂ P6(C) having equations:
Z15

1 =
(
3T + 4X + 6Y

)
T 15 +

(
2T + 5X + Y

)
X15 +

(
7T + 2X + 8Y

)
Y 15

Z15
2 =

(
5T + 2X + 9Y

)
T 15 +

(
T + X + Y

)
X15 +

(
3T + 6X + 3Y

)
Y 15

Z15
3 =

(
2T + 7X + 2Y

)
T 15 +

(
T + 6X + Y

)
X15 +

(
8T + X + 2Y

)
Y 15

Z15
4 =

(
6T + 3X + 9Y

)
T 15 +

(
2T + 2X + Y

)
X15 +

(
4T + X + 4Y

)
Y 15

has ample cotangent bundle outside the hyperplanes {Zi = 0}.



34• Ideas of proof: Take a large integer:

e � 1.

• Fermat-type complete intersections:
X =

{
F1 = 0

}
∩ · · · ∩

{
Fc = 0

}
,

where:
Fj(Z) = Aj,0(Z) · (Z0)e + · · · + Aj,N (Z) · (ZN )e,

where:
Aj,i(Z) ∈ Chom[Z]

say:
degAj,i(Z) = 1.

• All degrees are equal:
d1 = · · · = dc = 1 + e

=: d.

• Consider one equation (drop indices):
0 = A0Z

e
0 + A1Z

e
1 + · · · + AN Z

e
N .
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• Employ jet notation:
dZi ←→ Z ′i.

• Differentiate once:
0 =

(
Z0A

′
0 + eZ ′0A0

)
Ze−1

0 + · · · +
(
ZNA

′
N + eZ ′NAN

)
Ze−1
N .

• View equations by pairs:1 6 j 6 c:

0 =
(
Aj,0Z0

)
Ze−1

0 + · · · · · · · · · · · · · +
(
Aj,N ZN

)
Ze−1
N ,

0 =
(
Z0A

′
j,0 + eZ ′0Aj,0

)
Ze−1

0 + · · · +
(
ZNA

′
j,N + eZ ′NAj,N

)
Ze−1
N .

• Treat the enlightening case of X1 ⊂ P2:

0 =
(
Z0A0)Ze−1

0 +
(
Z1A1)Ze−1

1 +
(
Z2A2)Ze−1

2 ,

0 =
(
Z0A

′
0 + eZ ′0A0)Ze−1

0 +
(
Z1A

′
1 + eZ ′1A1)Ze−1

1 +
(
Z2A

′
2 + eZ ′2A2)Ze−1

2 .

• Abbreviate this as:
0 = AX0 + BX1 + C X2,

0 = A′X0 + B′X1 + C ′X2.

• Form a 2× 2 determinant:



36∣∣∣∣AX0 BX1
A′X0 B

′X1

∣∣∣∣ .
• Replace the second column, and compute:

∣∣∣∣AX0 BX1
A′X0 B′X1

∣∣∣∣ =

∣∣∣∣AX0 −AX0◦ − C X2

A′X0 −A′X0◦ − C
′X2

∣∣∣∣
= −

∣∣∣∣AX0 C X2
A′X0 C ′X2

∣∣∣∣ .
Lemma. From the two equations:

0 = AX0 + BX1 + C X2,

0 = A′X0 + B′X1 + C ′X2.

it follows: ∣∣∣∣AX0 BX1
A′X0 B

′X1

∣∣∣∣ = −
∣∣∣∣AX0 C X2
A′X0 C

′X2

∣∣∣∣ =

∣∣∣∣BX0 C X2
B′X0 C

′X2

∣∣∣∣ .
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• Fermat-Cramer Rational Miracle: Divide by:
1

X0X1X2
,

obtain: ∣∣∣∣AX0◦ BX1◦
A′X0◦ B

′X1◦

∣∣∣∣
X0◦X1◦X2

= −

∣∣∣∣AX0◦ C X2◦
A′X0◦ C

′X2◦

∣∣∣∣
X0◦X1X2◦

=

∣∣∣∣BX0◦ C X2◦
B′X0◦ C

′X2◦

∣∣∣∣
X0◦X1X2◦

.

and simplify: ∣∣∣∣A B
A′ B′

∣∣∣∣
X2

= −

∣∣∣∣A C
A′ C ′

∣∣∣∣
X1

=

∣∣∣∣B C
B′ C ′

∣∣∣∣
X0

.
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Rationality

• Natural integer numbers:
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, . . .

Thesis. [M.] Advanced mathematics depends upon archetypical rational
computational phenomena.

• Today:
Exhibit Several Instances of Rationality

� Cartan theory.

� Complex Algebraic Geometry.

• Three open sets: {
Rx 6= 0

}
,{

Ry 6= 0
}
,{

Rz 6= 0
}
.
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• First strategy:
Jet differential

Rx
=

Transferred jet differential

Ry
.

• Question 1: Does this exist?

• Second strategy from Čech cohomology:
Jet

RxRy
=

Jet

RzRx
=

Jet

RyRz
.

• Only codimension 2 singularities remain:{
0 = Rx = Ry

}⋃{
0 = Rz = Rx

}⋃{
0 = Ry = Rz

}
.

• Question 2: Does this exist?

• Third strategy:
Jet differential

Rx
=

jet differential

Ry
+

jet differential

Rz
.

• Question 3: Does this exist?
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Explicit Chern-Moser Tensors

• Real hypersurface: M2n+1 ⊂ Cn+1, Levi-nondegenerate, real-analytic
(C ω).

• General n > 2: Coordinates:

(z1, . . . , zn, w).

• Implicit defining equation:

ρ
(
z1, . . . , zn, w, z1, . . . , zn, w

)
= 0.

Theorem. [Chern-Moser 1974] The primary curvature tensor:
Φ
β
α = S

βσ
αρ ω

ρ ∧ ωσ + normalized remainder,
appears in:

dϕ
β
α = Φ

β
α + normalized remainder.

where 1 6 α, ρ, β, σ 6 n.

• Absent from the literature: Compute explicitly the Sβσαρ for n > 2.
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Despite their importance, until now, the invariants
of pseudoconvex domains have been fully com-
pleted, to our knowledge, only in the case of the
unit ball Bn+1 ⊂ Cn+1, where they all vanish!
Webster 2000

• Hypersurface:
M =

{
ρ = 0

}
.

• Smooth:
dρ(p) 6= 0 (∀ p∈M).

• Levi nondegeneracy:
L(ρ)(p) 6= 0 (∀ p∈M),

where:

L(ρ) := det


0 ρz1 · · · ρzn ρw
ρz1 ρz1z1 · · · ρznz1 ρwz1... ... . . . ... ...
ρzn ρz1zn · · · ρznzn ρwzn
ρw ρz1w · · · ρznw ρww

 .



42• Example: n = 2:

L(ρ) := det


0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1
ρz2 ρz1z2 ρz2z2 ρwz2
ρw ρz1w ρz2w ρww

 .

• Introduce: For all 1 6 i 6 n and all 1 6 ` 6 n + 1:

Li,`(ρ) := det

(
delete row i + 1

delete column ` + 1

)
.

• Example: n = 2:∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1
ρz2 ρz1z2 ρz2z2 ρwz2
ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣ 7−→

∣∣∣∣∣∣
0 ρz2 ρw
ρz2 ρz2z2 ρwz2
ρw ρz2w ρww

∣∣∣∣∣∣ .
• Introduce: Derivations:
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D1 := ρw

(
−

L1,1

L

∂

∂z1
+ · · · + (−1)n

L1,n

L

∂

∂zn
+ (−1)n+1 L1,n+1

L

∂

∂w

)
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Dn := ρw

(
−

Ln,1
L

∂

∂z1
+ · · · + (−1)n

Ln,n
L

∂

∂zn
+ (−1)n+1 Ln,n+1

L

∂

∂w

)
,

• Example: n = 2:

D1 := ρw


−

∣∣∣∣∣∣
0 ρz2 ρw
ρz2 ρz2z2 ρwz2

ρw ρz2w ρww

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂z1
+

∣∣∣∣∣∣
0 ρz2 ρw
ρz1 ρz2z1 ρwz1

ρw ρz2w ρww

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂z2
−

∣∣∣∣∣∣
0 ρz2 ρw
ρz1 ρz2z1 ρwz1

ρz2 ρz2z2 ρwz2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂w


,

D2 := ρw



∣∣∣∣∣∣
0 ρz1 ρw
ρz2 ρz1z2 ρwz2

ρw ρz1w ρww

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂z1
−

∣∣∣∣∣∣
0 ρz1 ρw
ρz1 ρz1z1 ρwz1

ρw ρz1w ρww

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂z2
+

∣∣∣∣∣∣
0 ρz1 ρw
ρz1 ρz1z1 ρwz1

ρz2 ρz1z2 ρwz2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
0 ρz1 ρz2 ρw
ρz1 ρz1z1 ρz2z1 ρwz1

ρz2 ρz1z2 ρz2z2 ρwz2

ρw ρz1w ρz2w ρww

∣∣∣∣∣∣∣∣

∂

∂w


.



44• Introduce: For 1 6 i, j 6 n:

Hi,j(ρ) :=
− ρziρzjρww + ρziρwρzjw + ρzjρwρziw − ρwρwρzizj

ρw ρw ρw
.

Theorem. [Foo Ph.D. Orsay 2017] For n = 2, the CR-umbilical locus is the
zero-set of 5 equations:

0 = D1

(
D1
(
H2,2(ρ)

))
,

0 = D1

(
D1
(
H1,2(ρ)

))
− D1

(
D2
(
H2,2(ρ)

))
,

0 = D1

(
D1
(
H1,1(ρ)

))
− 4D1

(
D2
(
H1,2(ρ)

))
+ D2

(
D2
(
H2,2(ρ)

))
0 = D2

(
D2
(
H2,1(ρ)

))
− D2

(
D1
(
H1,1(ρ)

))
,

0 = D2

(
D2
(
H1,1(ρ)

))
.
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Theorem. [Foo, Ph.D. Orsay 2017] For n > 2, the CR-umbilical locus is the

zero-set:

0 = Di1

(
Di2
(
Hk1,k2

))
−

− 1

n + 2

n∑
`=1

(
δk1,i1 D`

(
Di2
(
H`,k2

))
+ δk1,i2 Di1

(
D`
(
H`,k2

))
+

+ δk2,i1 D`

(
Di2
(
Hk1,`

))
+ δk2,i2 Di1

(
D`
(
Hk1,`

))
+

+
1

(n + 1)(n + 2)

[
δk1,i1 δk2,i2 + δk2,i1 δk1,i2

] n∑
`1=1

n∑
`2=1

D`1

(
D`2
(
H`1,`2

))
,

for all:
1 6 k1, k2 6 n,

1 6 i1, i2 6 n.
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Nilpotent Lie Algebras and CR Models up to Dimension 5

• Real analytic CR manifold:
� Integers n > 1 and d > 1.

� Complex space Cn+d.

� Real submanifold M2n+d ⊂ Cn+d with tangent planes at p ∈M :

TpM ∼= Cn × Rd

⊂ Cn × Cd.

� Coordinates:(
z1, . . . , zk, . . . , zn+d

)
avec zk = xk +

√
−1 yk.

� Complex structure of TCn+d:

J

(
∂

∂xk

)
:=

∂

∂yk
et J

(
∂

∂yk

)
:= − ∂

∂xk
.

� Complex tangent space invariant by J ≡ ×
√
−1:

T cM := TM ∩ J(TM).
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M

p
TpM

TcpM

∂
∂z-tangential

• So:
M2n+d ⊂ Cn+d.

• With:
T cM = TM ∩ JTM.

• Iterated Lie brackets:
D−1M := T cM,

D−2M := VectC ω
(
D−1M +

[
T cM, D−1M

])
,

D−3M := VectC ω
(
D−2M +

[
T cM, D−2M

])
,

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·
D−k−1M := VectC ω

(
D−kM +

[
T cM, D−kM

])
.
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Lemme. [Immediate] Growth vectors n = 1:

dimension 3 :
(
2,1
)
;

dimension 4 :
(
2,1,1

)
;

dimension 5 :
(
2,1,2

)
;

dimension 5 :
(
2,1,1,1

)
. �
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Classification of nilpotent Lie algebras in dimension 6 5

[cf. Goze-Remm]

Dimension 1:
a1 := R.

Dimension 2:
a2 = a1 ⊕ a1

Dimension 3: The decomposable:
a3 := a1 ⊕ a1 ⊕ a1,

and the Heisenberg:
n1

3 : [x1, x2] = x3 .

Dimension 4: The two decomposable:
a⊕4

1 and a1 ⊕ n3
1,

and:

n1
4 :

{
[x1, x2] = x3

[x1, x3] = x4.



50Dimension 5: The three decomposable:
a⊕5

1 , n1
3 ⊕ a2, n1

4 ⊕ a1,

Dimension 5, irreducible: There exist 6 non-isomorphic real nilpotent Lie
algebras:

� c(g) = (4, 1) (filiform case):

n1
5 :


[x1, x2] = x3

[x1, x3] = x4

[x1, x4] = x5

n2
5 :


[x1, x2] = x3

[x1, x3] = x4

[x1, x4] = x5

[x2, x3] = x5

� c(g) = (3, 1, 1):

n3
5 :


[x1, x2] = x3

[x1, x3] = x4

[x2, x5] = x4

n4
5 :


[x1, x2] = x3

[x1, x3] = x4

[x2, x3] = x5

� c(g) = (2, 2, 1):

n5
5 :

{
[x1, x2] = x3

[x1, x4] = x5
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� c(g) = (2, 1, 1, 1):

n5
5 :

{
[x1, x2] = x3

[x4, x5] = x3

• Classification: Dimension 6:
[Vergne, Seeley, Carles, Goze-Khakimdjanov].

• Classification: Dimension 7:
[Goze-Remm].

• Several branches: Dimensions 8, 9:
[Goze-Remm].

• Associated equivalences of CR manifolds!
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Models of CR submanifolds in dimension 6 5

• Dimension:
2n + d (n > 1 et d > 1).

• Dimension 3:
n = 1, d = 1.

Levi non-degenerate hypersurface:

M3 ⊂ C2.

• Dimension 4: [Beloshapka-Ezhov-Schmalz 2007]

n = 1, d = 2.

• Dimension 5:
n = 2, d = 1,

n = 1, d = 3.
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Lemme. [Recall] In CR dimension n = 1, possible growth vectors are:

dimension 3 :
(
2,1
)
;

dimension 4 :
(
2,1,1

)
;

dimension 5 :
(
2,1,2

)
;

dimension 5 :
(
2,1,1,1

)
. �

• Equivalences of hypersurfaces M3 ⊂ C2:

Proposition. [Easy] Every hypersurface M3 ⊂ C2 satisfying:
D1M = T cM is of rank 2,

D2M = T cM + [T cM,T cM ] is of rank 3,

can be represented in coordinates (z, w) ∈ C2, by:
w − w = 2i zz + Opoids(3).



54
Proposition. [Beloshapka 1997] Every CR submanifold M5 ⊂ C4 of codi-

mension d = 3 with:
D1M = T cM is of rank 2,

D2M = T cM + [T cM,T cM ] is of rank 3,

D3M = T cM + [T cM,T cM ] +
[
T cM, [T cM,T cM ]

]
if of maximal possible rank 5,

can be represented as:w1 − w1 = 2i zz + Opoids(4)

w2 − w2 = 2i zz(z + z) + Opoids(4).

w3 − w3 = 2 zz(z − z) + Opoids(4).
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• Real-analytic:
M ∈ C ω.

• Problem. Classify the C ω:

M2n+c ⊂ Cn+c

modulo local biholomorphisms of Cn+c up to dimension:

2n + c 6 5.

p
p′

Up

M

h(Up)
h

M ′

Cn+c
C′n+c

• Possibilities:
2n + c = 3 =⇒

{
n = 1, c = 1,

2n + c = 4 =⇒
{
n = 1, c = 2,

2n + c = 5 =⇒
{
n = 1, c = 3,

n = 2, c = 1.



56• Coordinates:
(z1, . . . , zn, w1, . . . , wc

)
= (x1 +

√
−1 y1, . . . , xn +

√
−1 yn,

u1 +
√
−1 v1, . . . , uc +

√
−1 vc),

• Graphing functions:
M3 ⊂ C2 :

[
v = ϕ(x, y, u),

M4 ⊂ C3 :

[
v1 = ϕ1(x, y, u1, u2),

v2 = ϕ2(x, y, u1, u2),

M5 ⊂ C4 :

 v1 = ϕ1(x, y, u1, u2, u3),

v2 = ϕ2(x, y, u1, u2, u3),

v3 = ϕ3(x, y, u1, u2, u3),

M5 ⊂ C3 :
[
v = ϕ(x1, y1, x2, y2, u).

• Fundamental bundle:
T 1,0M :=

{
X − √−1 J(X) : X ∈ Γ(T cM)

}
.

• Integrability: [
T 1,0M, T 1,0M

]
⊂ T 1,0M.
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• Conjugate:
T 0,1M := T 1,0M.

• Non-holonomic:[
T 1,0M, T 0,1M

]
6⊂ T 1,0M ⊕ T 0,1M.

• Local generators of T 1,0M :
L1, . . . ,Ln.

Theorem. Excluding degenerate cases, there are precisely 6 classes of
C ω CR submanifolds M2n+c ⊂ Cn+c of dimension:

2n + c 6 5,

hence of CR dimension n = 1 ou n = 2, with:{
L
}

or
{
L1,L2

}
,

being generators of T 1,0M .

• Classe I: Hypersurfaces M3 ⊂ C2 such that
{
L , L ,

[
L ,L

]}
is a frame

for C⊗R TM , with:
Model I: v = zz.
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• Class II: CR-genericM4 ⊂ C3 such that

{
L , L ,

[
L ,L

]
,
[
L ,

[
L ,L

]]}
is a frame for C⊗R TM , with:

Model II:

{
v1 = zz,

v2 = z2z + zz2.

• Class III1: CR-genericM5 ⊂ C4 such that
{
L , L ,

[
L ,L

]
,
[
L ,

[
L ,L

]]
,[

L ,
[
L ,L

]]}
is a frame for C⊗R TM , with:

Model III1:


v1 = zz,

v2 = z2z + zz2,

v3 =
√
−1
(
z2z − zz2).

• Class III2: CR-genericM5 ⊂ C4 such that
{
L , L ,

[
L ,L

]
,
[
L ,

[
L ,L

]]
,[

L ,
[
L ,

[
L ,L

]]]}
is a frame for C⊗RTM , while 4 = rankC

(
L ,L ,

[
L ,L

]
,[

L ,
[
L ,L

]]
,
[
L ,

[
L ,L

]])
, with:

Model III2:


v1 = zz,

v2 = z2z + zz2,

v3 = 2 z3z + 2 zz3 + 3 z2z2.
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• Class IV1: HypersurfacesM5 ⊂ C3 such that

{
L1, L2, L 1, L 2,

[
L1,L 1

]}
is a frame for C⊗R TM , and such that the Levi form of M has rank 2 at every
point p ∈M , with:

Model(s) IV1: v = z1z1 ± z2z2.

• Class IV2: HypersurfacesM5 ⊂ C3 such that
{
L1, L2, L 1, L 2,

[
L1,L 1

]}
is a frame for C ⊗R TM , such that the Levi form is of rank 1 at every point
p ∈M , while the Freeman form is nondegenerate, with:

Model IV2: v =
z1z1 + 1

2 z1z1z2 + 1
2 z2z1z1

1− z2z2
.

• Existence of the 6 classes I, II, III1, III2, IV1, IV2: Graphing functions are
arbitrary.

Proposition. For the six classes I, II, III1, IV1:
(I):

[
v = zz + zzO1

(
z, z
)

+ zzO1(u),

(II):

[
v1 = zz + zzO2

(
z, z
)

+ zzO1(u1) + zzO1(u2),

v2 = z2z + zz2 + zzO2

(
z, z
)

+ zzO1(u1) + zzO1(u2),
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(III)1:

 v1 = zz + zzO2

(
z, z
)

+ zzO1(u1) + zzO1(u2) + zzO1(u3),

v2 = z2z + zz2 + zzO2

(
z, z
)

+ zzO1(u1) + zzO1(u2) + zzO1(u3),

v3 =
√
−1
(
z2z − zz2

)
+ zzO2

(
z, z
)

+ zzO1(u1) + zzO1(u2) + zzO1(u3),

(IV)1:
[
v = z1z1 ± z2z2 + O3

(
z1, z2, z1, z2, u

)
,

with arbitrary remainders. For the class:

(III)2 :

v1 = zz + c1 z
2z2 + zzO3

(
z, z
)

+ zz u1 O1

(
z, z, u1

)
+

+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
,

v2 = z2z + zz2 + zzO3

(
z, z
)

+ zz u1 O1

(
z, z, u1

)
+

+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
,

v3 = 2 z3z + 2 zz3 + 3 z2z2 + zzO3

(
z, z
)

+ zz u1 O1

(
z, z, u1

)
+

+ zz u2 O1

(
z, z, u1, u2

)
+ zz u3 O1

(
z, z, u1, u2, u3

)
,

the 3 graphing functions ϕ1, ϕ2, ϕ3 must satisfy:

0 ≡

∣∣∣∣∣∣∣∣∣∣

L (A1)−L (A1) L (A2)−L (A2) L (A3)−L (A3)

L (L (A1))−2L (L (A1))+

+L (L (A1))

L (L (A2))−2L (L (A2))+

+L (L (A2))

L (L (A3))−2L (L (A3))+

+L (L (A3))

−L (L (A1))+2L (L (A1))−
−L (L (A1))

−L (L (A2))+2L (L (A2))−
−L (L (A2))

−L (L (A3))+2L (L (A3))−
−L (L (A3))

∣∣∣∣∣∣∣∣∣∣
.

Lastly, for the class:
(IV)2:

[
v =z1z1 + 1

2 z1z1z2 + 1
2 z2z1z1 +

+ O4

(
z1, z2, z1, z2

)
+ uO2

(
z1, z2, z1, z2, u

)
,

the graphing function ϕ has zero Levi determinant.
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Results

Theorem. [Merker-Sabzevari 2013] For a Levi nondegenerate hypersurface
M3 ⊂ C2 graphed as:

v = ϕ(x, y, u),

the single Cartan curvature which depends on the 6-th order jet J6
x,y,uϕ of

the graphing function has:
∼ 1500000 terms.

• Six classes:
I, II, III1, III2, IV1, IV2.

Theorem. [Merker-Pocchiola-Sabzevari] Explicit reductions to an absolute
parallelism or to a Cartan connection for all six classes of CR manifolds at
a generic point up to dimension:

3, 4, 5.

Theorem. [Merker-Pocchiola-Sabzevari] Curvatures explicit in terms of graph-
ing functions.



62• Class IV2:

• Isaev-Zaitsev 2013 and Medori-Spiro 2013: Existence of an absolute par-
allelism on a certain 10-dimensional manifold P related to the biholomorphic
equivalence problem between holomorphically nondegenerate hypersurfaces
having Levi form of constant rank 1.

Theorem. [Merker-Pocchiola-Sabzevari] Explicit reductions to an absolute
parallelism or to a Cartan connection for all six classes of CR manifolds at
a generic point up to dimension:

3, 4, 5.

Theorem. [Pocchiola, Ph.D. 2014 Orsay] Precisely 2 invariants:
J and W

are related to the biholomorphic equivalence problem for 2-nondegenerate
hypersurfaces M5 ⊂ C3 having degenerate Levi form of constant rank 1.

• Isaev 2014: Recovering of Pocchiola’s two invariants in the special tube
case:

v = ϕ(x1, x2).
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• Fact: Pocchiola’s formulas are invariant, they have exactly the same form in
the general case:

v = ϕ
(
x1, y1, x2, y2, u

)
.

• Isaev 2014: If a tube hypersurface is locally biholomorphic to the light cone,
then it is in fact affinely biholomorphic to it.

• Merker 2014: Direct short proof without using J and W (unpublished).
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Hypersurfaces M5 ⊂ C3 of Levi-Rank 1

[Ph.D. Pocchiola 2014]

• Local real analytic hypersurface:
M5 ⊂ C3.

• Graph:
u = F (z1, z2, z1, z2, v)

= z1z1 + 1
2 z

2
1 z2 + 1

2 z
2
1z2 + z1z1z2z2 + O(5).

• Two generators of T 1,0M :

L1 =
∂

∂z1
+ A1

∂

∂w
,

L2 =
∂

∂z2
+ A2

∂

∂w
.

• Assume Levi form is of contant rank 1:(
0
0

)
≡

(
√
−1
(
L1(A

1
)−L1(A1)

) √
−1
(
L2(A

1
)−L1(A2)

)
√
−1
(
L1(A

2
)−L2(A1)

) √
−1
(
L2(A

2
)−L2(A2)

))(k
1

)
.
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• Generator of the kernel of the Levi form:

K := L2 + kL1.

• Function-Coefficient:

k :=
−L2

(
A

1)
+ L1

(
A2
)

L1
(
A

1)−L1
(
A1
) = − z1 + O(2) .

• CR-transversal field:

T := i
[
L1,L1

]
.

• Bracket: [
K ,L1

]
=
[
kL1 + L2,L1

]
= k

[
L1,L1

]
+
[
L ,L1

]
−L1(k) L1

= −L1(k) L1.



66• Lie structure: [
T ,L

]
= −P T ,[

T ,L
]

= −P T ,[
T ,K

]
= L1(k) T + T (k) L1,[

T ,K
]

= L1(k) T + T (k) L1,[
L1,L1

]
= −iT ,[

L1,K
]

= L1(k) L1,[
L1,K

]
= L1(k) L1,[

L1,K
]

= L1(k) L1[
L1,K

]
= L1(k) L1[

K ,K
]

= 0.

• Jacobi relations:

K (P ) = −P L1(k)−L1 (L1(k)) ,

and
K (P ) = −P L1(k)−L1

(
L1(k)

)
.
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• Darboux-Cartan structure of the initial coframe:
dρ0 = P ρ0 ∧ κ0 + P ρ0 ∧ κ0 −L1(k) ρ0 ∧ ζ0 −L1(k) ρ0 ∧ ζ0 + i κ ∧ κ0

dκ0 = −L1(k) κ0 ∧ ζ0 + L1(k) ζ0 ∧ κ0 −T (k) ρ0 ∧ κ0

dζ0 = 0

dκ0 = −L1(k) κ0 ∧ ζ0 −L1(k) κ0 ∧ ζ0 −T (k) ρ0 ∧ κ0

dζ0 = 0.

• Initial ambiguity group:

g :=


cc 0 0 0 0
b c 0 0 0
d e f 0 0

b 0 0 c 0

d 0 0 e f

 .

• First normalization:

f =
c

c
L1(k).



68• Maurer-Cartan forms at second loop:

β1 :=
dc

c
,

β2 :=
db

cc
− bdc

c2c
,

β3 :=
(−dc + eb) dc

c3c
− (−dc + eb) dc

c2c2
+
dd

cc
− bde

c2c
,

β4 := −edc
c2

+
edc

cc
+
de

c
.

• Structure:
dρ = β1 ∧ ρ + β1 ∧ ρ + Uρ

ρκ ρ ∧ κ + Uρ
ρζ ρ ∧ ζ + Uρ

ρκ ρ ∧ κ + Uρ

ρζ
ρ ∧ ζ + i κ ∧ κ,

dκ = β1 ∧ κ + β2 ∧ ρ + Uκ
ρκ ρ ∧ κ + Uκ

ρζ ρ ∧ ζ + Uκ
ρκ ρ ∧ κ

+ Uκ
ρζ
ρ ∧ ζ + Uκ

κζ κ ∧ ζ + Uκ
κκ κ ∧ κ + ζ ∧ κ,

dζ = β3 ∧ ρ + β4 ∧ κ + β1 ∧ ζ − β1 ∧ ζ + U ζ
ρκ ρ ∧ κ + U ζ

ρζ ρ ∧ ζ + U ζ
ρκ ρ ∧ κ

+ U ζ

ρζ
ρ ∧ ζ + U ζ

κζ κ ∧ ζ + U ζ
κκ κ ∧ κ + U ζ

κζ
κ ∧ ζ + U ζ

ζκ ζ ∧ κ + U ζ

ζζ
ζ ∧ ζ.

• Torsion coefficients:

Uρ
ρκ = i

b

cc
+
ec

c2

L1 (k)

L1 (k)
+
P

c
,



69
Uρ
ρζ = −c

c

L1 (k)

L1 (k)
,

Uρ
ρκ = −i b

cc
+
ec

c2

L1

(
k
)

L1

(
k
) +

P

c
,

Uρ

ρζ
= −c

c

L1

(
k
)

L1

(
k
),

Uκ
ρκ = −T (k)

cc
− eb

c2c
− d

c2

L1 (k)

L1 (k)
+ i

bb

c2c2 +
be

c3

L1 (k)

L1 (k)
+

b

c2c
P,

Uκ
ρζ =

b

cc
,

Uκ
ρκ = − d

cc
+

eb

c2c
− i b2

c2c2 +
be

c3

L1

(
k
)

L1

(
k
) +

b

cc2 P ,

Uκ
ρζ

= − b

c2

L1

(
k
)

L1

(
k
),

Uκ
κζ = −c

c

L1 (k)

L1 (k)
,
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Uκ
κκ = −e

c
+ i

b

cc
,

U ζ
ρκ =

d

c2c

L1

(
L1 (k)

)
L1 (k)

− ed

cc2

L1

(
k
)

L1

(
k
) +

eeb

c3c

L1 (k)

L1

(
k
)+

+
eb

c2c2

L1

(
L1 (k)

)
L1 (k)

− e

c2c

T
(
L1 (k)

)
L1 (k)

−

− e

c2c
T (k)− e2b

cc3
+ i

db

c2c2 +
d

c2c
P,

U ζ
ρζ =

d

c2

L1

(
k
)

L1

(
k
) − eb

c3

L1

(
k
)

L1

(
k
) − b

cc2

L1

(
L1 (k)

)
L1 (k)

− b

c2c

L1

(
L1 (k)

)
L1 (k)

+
T

cc

(
L1 (k)

)
L1 (k)

+
eb

c2c
+
be

c3

L1 (k)

L1 (k)
− d

c2

L1 (k)

L1 (k)
,

U ζ
ρκ = 2

ed

c3

L1

(
k
)

L1

(
k
) − eeb

c3c

L1

(
k
)

L1

(
k
) +

d

cc2

L1

(
L1 (k)

)
L1 (k)

−

− eb

c2c2

L1

(
L1 (k)

)
L1 (k)

− ed

c2c
+
e2b

cc3
− i db

c2c2 +
d

cc2 P ,

U ζ

ρζ
= −2

d

c2

L1

(
k
)

L1

(
k
) +

eb

cc2

L1

(
k
)

L1

(
k
),
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U ζ
κζ =

1

c

L1

(
L1 (k)

)
L1 (k)

− ec

c2

L1 (k)

L1 (k)
,

U ζ
κκ =

ee

c2

L1

(
k
)

L1

(
k
) +

e

cc

L1

(
L1 (k)

)
L1 (k)

− e2

c2
+ i

d

cc
,

U ζ

κζ
= −e

c

L1

(
k
)

L1

(
k
),

U ζ
ζκ = −ec

c2

L1

(
k
)

L1

(
k
) − 1

c

L1

(
L1 (k)

)
L1 (k)

+
e

c
,

U
ζ

ζζ
=

c

c

L1
(
k
)

L1
(
k
).

• Normalizable coefficient:

b = −i ce + i
c

3

(
L1
(
L1(k)

)
L1(k)

− P

)
.



72• Third loop normalization:

d = − i 1

2

e2c

c
+ i

2

9

c

c

L1

(
L1(k)

)2

L1(k)2
+ i

1

18

c

c

L1

(
L1(k)

)
P

L1(k)

− i
1

9

c

c
P

2
+ i

1

6
.
c

c
L1

(
P
)
− i 1

6

c

c

L1

(
L1

(
L1(k)

))
L1(k)

.

Theorem. [Pocchiola] These two explicit invariants J and W whose de-
nominators are related to the nondegeneracy of the Freeman form are
fundamental for real analytic hypersurfaces M5 ⊂ C3 having Levi form
everywhere of rank 1. Such a hypersurface M5 is biholomorphic to the
light cone:

(LC)
u =

z1z1 + 1
2 z1z1z2 + 1

2 z2z1z1

1− z2z2
∼=

locally
(Re z′1)2 − (Re z′2)2 − (Re z′3)2,

which possesses a group of local biholomorphic automorphisms of di-
mension 10:

AutCR(LC) ∼= Sp(4,R),
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if and only if:

0 ≡ W ≡ J.

Furthermore, if W 6≡ 0 or if J 6≡ 0, a canonical absolute parallelism
exists on M , and in this case, the automorphism group of M always
satisfies:

dimAutCR(M) 6 5.

• First fundamental invariant:

W :=
L1

(
L1(k)

)
L1(k)

+
2

3

L1

(
L1(k)

)
L1(k)

+
1

3

K
(
P
)

L1(k)
+

+
1

3

L1

(
L1(k)

)
K
(
L1(k)

)
L1(k)3

− 1

3

K
(
L1

(
L1(k)

))
L1(k)2

+
P

3
.



74• Second fundamental invariant:

J =
5

18

L1

(
L1(k)

)2

L1(k)2
P +

1

3
P L1

(
P
)
− 1

9

L1

(
L1(k)

)
L1(k)

P
2
+

+
20

27

L1

(
L1(k)

)3

L1(k)3
− 5

6

L1

(
L1(k)

)
L1

(
L1

(
L1(k)

))
L1(k)2

+

+
1

6

L1

(
L1(k)

)
L1(P )

L1(k)
− 1

6

L1

(
L1

(
L1(k)

))
L1(k)

P−

− 2

27
P

3 − 1

6
L1

(
L1

(
P
))
.
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Deformations of the Beloshapka Cubic

[Merker-Sabzevari 2016]

• Coordinates on C4: (
z, w1, w2, w3

)
∈ C4.

• Model cubic of CR dimension n = 1 in C4:
[Beloshapka 2000] w1 − w1 = 2izz,

w2 − w2 = 2izz(z + z),

w3 − w3 = 2zz(z − z).

Proposition. The Lie algebra:

autCR(M) = 2 Re hol(M)



76of infinitesimal CR automorphisms of the model cubic is 7-dimensional,
generated by the real parts of the seven holomorphic vector fields R-
linearly independent:

T := ∂w1,

S1 := ∂w2,

S2 := ∂w3,

L1 := ∂z + (2iz) ∂w1 + (2iz2 + 4w1) ∂w2 + 2z2 ∂w3,

L2 := i ∂z + (2z) ∂w1 + (2z2) ∂w2 − (2iz2 − 4w1) ∂w3,

D := z ∂z + 2w1 ∂w1 + 3w2 ∂w2 + 3w3 ∂w3,

R := iz ∂z − w3 ∂w2 + w2 ∂w3.

• Commutation table:
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S2 S1 T L2 L1 D R

S2 0 0 0 0 0 3S2 −S1
S1 ∗ 0 0 0 0 3S1 S2
T ∗ ∗ 0 4S2 4S1 2T 0
L2 ∗ ∗ ∗ 0 −4T L2 −L1
L1 ∗ ∗ ∗ ∗ 0 L1 L2
D ∗ ∗ ∗ ∗ ∗ 0 0
R ∗ ∗ ∗ ∗ ∗ ∗ 0.

• Set:

g := autCR(M),

• Decompose:
g−3 := SpanR

〈
S1, S2

〉
,

g−2 := SpanR
〈
T
〉
,

g−1 := SpanR
〈
L1, L2

〉
,

g0 := SpanR
〈
D,R

〉
.



78• Natural graduation:

g = g−3 ⊕ g−2 ⊕ g−1︸ ︷︷ ︸
∼= n4

5 classification
of Goze-Remm

⊕g0 ⊕ g1.

• Coordinates:(
zx + iy, u1 + iv1, u2 + iv2, u3 + iv3

)
∈ C4.

• 5-dimensional graph:

v1 = ϕ1
(
x, y, u1, u2, u3

)
,

v2 = ϕ2
(
x, y, u1, u2, u3

)
,

v3 = ϕ3
(
x, y, u1, u2, u3

)
.

• Generator of T 0,1M :

L =
∂

∂z
+ A1

∂

∂w1
+ A2

∂

∂w2
+ A3

∂

∂w3
.
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• Expression of its coefficients:

A1 =
Λ1

1

∆
+ i

Λ1
2

∆
,

A2 =
Λ2

1

∆
+ i

Λ2
2

∆
,

A3 =
Λ3

1

∆
+ i

Λ3
2

∆
.

• Denominator:
∆ = σ2 + τ2,

• with:
σ = ϕ3u3 + ϕ1u1 + ϕ2u2 − ϕ1u2ϕ3u1ϕ2u3 − ϕ1u3ϕ2u1ϕ3u2 + ϕ1u2ϕ2u1ϕ3u3−
− ϕ1u1ϕ2u2ϕ3u3 + ϕ1u1ϕ2u3ϕ3u2 + ϕ1u3ϕ3u1ϕ2u2,

τ = −1 + ϕ1u1ϕ2u2 − ϕ2u3ϕ3u2 − ϕ1u3ϕ3u1 + ϕ2u2ϕ3u3 − ϕ1u2ϕ2u1 + ϕ1u1ϕ3u3.



80• Numerators:

Λ1
1 =

(
− ϕ3u3ϕ2xϕ1u2 − ϕ1u3ϕ3y + ϕ2u2ϕ1xϕ3u3 + ϕ3u3ϕ1y − ϕ1x − ϕ2yϕ1u2+

+ ϕ2u3ϕ3xϕ1u2 + ϕ2u2ϕ1y − ϕ2u3ϕ3u2ϕ1x − ϕ2u2ϕ1u3ϕ3x + ϕ2xϕ1u3ϕ3u2

)
σ+

+
(
ϕ1u3ϕ3x − ϕ1y + ϕ2xϕ1u2 + ϕ2u3ϕ1u2ϕ3y − ϕ2u2ϕ1x − ϕ2u3ϕ3u2ϕ1y−

− ϕ3u3ϕ1x − ϕ2u2ϕ1u3ϕ3y − ϕ3u3ϕ1u2ϕ2y + ϕ1u3ϕ3u2ϕ2y + ϕ2u2ϕ3u3ϕ1y

)
τ,

Λ1
2 =

(
ϕ1u3ϕ3x − ϕ1y + ϕ2xϕ1u2 + ϕ2u3ϕ1u2ϕ3y − ϕ2u2ϕ1x − ϕ2u3ϕ3u2ϕ1y−

− ϕ3u3ϕ1x − ϕ2u2ϕ1u3ϕ3y − ϕ3u3ϕ1u2ϕ2y + ϕ1u3ϕ3u2ϕ2y + ϕ2u2ϕ3u3ϕ1y

)
σ−

−
(
− ϕ3u3ϕ2xϕ1u2 − ϕ1u3ϕ3y + ϕ2u2ϕ1xϕ3u3 + ϕ3u3ϕ1y − ϕ1x − ϕ2yϕ1u2+

+ ϕ2u3ϕ3xϕ1u2 + ϕ2u2ϕ1y − ϕ2u3ϕ3u2ϕ1x − ϕ2u2ϕ1u3ϕ3x + ϕ2xϕ1u3ϕ3u2

)
τ,

Λ2
1 =

(
− ϕ2x + ϕ3u3ϕ2y + ϕ1u3ϕ2u1ϕ3x − ϕ2u3ϕ3y − ϕ1u3ϕ3u1ϕ2x − ϕ2u1ϕ1y−

− ϕ2u1ϕ3u3ϕ1x + ϕ1u1ϕ2y − ϕ1u1ϕ2u3ϕ3x + ϕ3u1ϕ2u3ϕ1x + ϕ1u1ϕ3u3ϕ2x

)
σ+

+
(
− ϕ1u1ϕ2u3ϕ3y + ϕ1u3ϕ2u1ϕ3y − ϕ1u3ϕ3u1ϕ2y + ϕ3u1ϕ2u3ϕ1y + ϕ2u3ϕ3x−

− ϕ2u1ϕ3u3ϕ1y − ϕ3u3ϕ2x + ϕ1u1ϕ3u3ϕ2y + ϕ2u1ϕ1x − ϕ1u1ϕ2x − ϕ2y

)
τ,

Λ2
2 =

(
− ϕ1u1ϕ2u3ϕ3y + ϕ1u3ϕ2u1ϕ3y − ϕ1u3ϕ3u1ϕ2y + ϕ3u1ϕ2u3ϕ1y + ϕ2u3ϕ3x−

− ϕ2u1ϕ3u3ϕ1y − ϕ3u3ϕ2x + ϕ1u1ϕ3u3ϕ2y + ϕ2u1ϕ1x − ϕ1u1ϕ2x − ϕ2y

)
σ−

−
(
− ϕ2x + ϕ3u3ϕ2y + ϕ1u3ϕ2u1ϕ3x − ϕ2u3ϕ3y − ϕ1u3ϕ3u1ϕ2x − ϕ2u1ϕ1y−

− ϕ2u1ϕ3u3ϕ1x + ϕ1u1ϕ2y − ϕ1u1ϕ2u3ϕ3x + ϕ3u1ϕ2u3ϕ1x + ϕ1u1ϕ3u3ϕ2x

)
τ,
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Λ3
1 =

(
− ϕ2u1ϕ1u2ϕ3x − ϕ3u1ϕ1y + ϕ2u1ϕ3u2ϕ1x + ϕ1u1ϕ3y − ϕ3u1ϕ2u2ϕ1x−

− ϕ3u2ϕ2y + ϕ3u1ϕ1u2ϕ2x + ϕ2u2ϕ3y − ϕ3u2ϕ1u1ϕ2x + ϕ1u1ϕ2u2ϕ3x − ϕ3x

)
σ+

+
(
− ϕ3u2ϕ1u1ϕ2y + ϕ2u1ϕ3u2ϕ1y + ϕ3u1ϕ1x + ϕ3u1ϕ1u2ϕ2y − ϕ2u1ϕ1u2ϕ3y+

+ ϕ3u2ϕ2x − ϕ1u1ϕ3x − ϕ3u1ϕ2u2ϕ1y + ϕ1u1ϕ2u2ϕ3y − ϕ3y − ϕ2u2ϕ3x

)
τ,

Λ3
2 =

(
− ϕ3u2ϕ1u1ϕ2y + ϕ2u1ϕ3u2ϕ1y + ϕ3u1ϕ1x + ϕ3u1ϕ1u2ϕ2y − ϕ2u1ϕ1u2ϕ3y+

+ ϕ3u2ϕ2x − ϕ1u1ϕ3x − ϕ3u1ϕ2u2ϕ1y + ϕ1u1ϕ2u2ϕ3y − ϕ3y − ϕ2u2ϕ3x

)
σ−

−
(
− ϕ2u1ϕ1u2ϕ3x − ϕ3u1ϕ1y + ϕ2u1ϕ3u2ϕ1x + ϕ1u1ϕ3y − ϕ3u1ϕ2u2ϕ1x−

− ϕ3u2ϕ2y + ϕ3u1ϕ1u2ϕ2x + ϕ2u2ϕ3y − ϕ3u2ϕ1u1ϕ2x + ϕ1u1ϕ2u2ϕ3x − ϕ3x

)
τ.



82• Third independent field:
T := i

[
L ,L

]
.

• Direct:

T =
Υ1

∆3

∂

∂u1
+

Υ2

∆3

∂

∂u2
+

Υ3

∆3

∂

∂u3
.

• Expressions of the numerators:
Υ1 = −

(
∆2Λ1

2x −∆∆xΛ
1
2 −∆2Λ1

1y + ∆∆yΛ
1
1 + ∆Λ1

1Λ
1
2u1
−∆Λ1

2Λ
1
1u1
−∆Λ2

2Λ
1
1u2

+

+ ∆u2Λ
1
1Λ

2
2 −∆Λ3

2Λ
1
1u3

+ ∆u3Λ
3
2Λ

1
1 + ∆Λ2

1Λ
1
2u2
−∆u2Λ

2
1Λ

1
2 + ∆Λ3

1Λ
1
2u3
−∆u3Λ

3
1Λ

1
2

)
,

Υ2 = −
(
∆2Λ2

2x −∆∆xΛ
2
2 + ∆Λ1

1Λ
2
2u1
−∆u1Λ

1
1Λ

2
2 −∆2Λ2

1y + ∆∆yΛ
2
1 −∆Λ1

2Λ
2
1u1

+

+ ∆u1Λ
1
2Λ

2
1 + ∆Λ2

1Λ
2
2u2
−∆Λ2

2Λ
2
1u2

+ ∆Λ3
1Λ

2
2u3
−∆u3Λ

3
1Λ

2
2 −∆Λ3

2Λ
2
1u3

+ ∆u3Λ
3
2Λ

2
1

)
,

Υ3 = −
(
∆2Λ3

2x −∆∆xΛ
3
2 + ∆Λ1

1Λ
3
2u1
−∆u1Λ

1
1Λ

3
2 −∆2Λ3

1y + ∆∆yΛ
3
1 −∆Λ1

2Λ
3
1u1

+

+ ∆u1Λ
1
2Λ

3
1 −∆Λ2

2Λ
3
1u2

+ ∆u2Λ
2
2Λ

3
1 + ∆Λ3

1Λ
3
2u3
−∆Λ3

2Λ
3
1u3

+ ∆Λ2
1Λ

3
2u2
−∆u2Λ

2
1Λ

3
2

)
.

• Last 2 fields completing a frame:
S := [L ,T ],

S := [L ,T ].

• Notational contraction:
S =

Γ1
1 − iΓ1

2

∆5

∂

∂u1
+

Γ2
1 − iΓ2

2

∆5

∂

∂u2
+

Γ3
1 − iΓ3

2

∆5

∂

∂u3
.
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• Partial expansions:

Γ1
i = −2

(
1
4∆2Υ1xi − 3∆∆xiΥ1 + ∆Λ1

i Υ1u1 − 2∆u1Λ1
i Υ1 −∆Λ1

iu1
Υ1 −∆Λ1

iu2
Υ2+

+ ∆u2
Λ1
i Υ2 −∆Λ1

iu3
Υ3 + ∆u3

Λ1
i Υ3 + ∆Λ2

i Υ1u2
− 3∆u2

Λ2
i Υ1 + ∆Λ3

i Υ1u3
− 3∆u3

Λ3
i Υ1

)
,

Γ2
i = −2

(
∆2Υ2xi

− 3∆∆xi
Υ2 + ∆Λ1

i Υ2u1
− 3∆u1

Λ1
i Υ2 −∆Λ2

iu1
Υ1 + ∆u1

Λ2
i Υ1+

+ ∆Λ2
i Υ2u2 − 2∆u2Λ2

i Υ2 −∆Λ2
iu2

Υ2 −∆Λ2
iu3

Υ3 + ∆u3Λ2
i Υ3 + ∆Λ3

i Υ2u3 − 3∆u3Λ3
i Υ2

)
,

Γ3
i = −2

(
∆2Υ3xi

− 3∆∆xi
Υ3 + ∆Λ1

i Υ3u1
− 3∆u1

Λ1
i Υ3 + ∆Λ2

i Υ3u2
− 3∆u2

Λ2
i Υ3−

−∆Λ3
iu1

Υ1 + ∆u1Λ3
i Υ1 −∆Λ3

iu2
Υ2 + ∆u2

Λ3
i Υ2 + ∆Λ3

i Υ3u3
− 2∆u3

Λ3
i Υ3 −∆Λ3

iu3
Υ3

)
.

Even at the starting point, the data explode!

• Five fields making up a frame:{
S , S , T , L , L

}
,

where:

T := i
[
L ,L

]
,

S :=
[
L , T

]
,

S :=
[
L , T

]
.



84• Length 4 brackets:[
L , S

]
= P T + QS + RS ,[

L , S
]

= AT + BS + BS ,[
L , S

]
= AT + BS + BS ,[

L , S
]

= P T + RS + QS .

• Length 5 brackets:[
T , S

]
=
[
i[L ,L ],

[
L , i[L ,L ]

]]
,[

T , S
]

=
[
i[L ,L ],

[
L , i[L ,L ]

]]
.

Lemma. The coefficients of the two brackets:[
T , S

]
= E T + F S + GS ,[

T , S
]

= E T + GS + F S ,

are the functions:
E = − iL (P )− i AQ− i P R + iL (A) + i B P + i AB,

F = − iL (Q)− i RR + i A + iL (B) + i B B,

G = − i P − i B Q− i RQ− iL (R) + i B R + i BB + iL (B).
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• Length 6 brackets:[
S , S

]
=
[[

L , i[L ,L ]
]
,
[
L , i[L ,L ]

]]
.

Lemma. The coefficients of the last bracket:[
S , S

]
= i J T + KS −KS ,

are the functions:

− 2 J = −L
(
L (P )

)
+ L

(
L (A)

)
+ L

(
L (A)

)
−L

(
L (P )

)
− QL (A)− 2AL (Q)−RL (P )− 2P L (R)− 2ARR− 2PP −BPQ− PQR−
−RL (P )− 2P L (R)−QL (A)− 2AL (Q)− PQR−BPQ+

+ 2PL (B) +BL (P ) + 2AL (B) +BL (A) + 2AL (B) + 2AA+ 2ABB + 2P L (B)+

+BPR +BBP +BL (A) +BL (P ) +BBP +BPR,

2iK = −L
(
L (Q)

)
+ L

(
L (B)

)
+ L

(
L (B)

)
−L

(
L (R)

)
−

− 2RL (R)−RL (R)−BL (Q)−BRR− 2PR−QRR− 2 L (P )−RL (Q)−
− 2QL (R)−QL (B)− 2BL (Q)− AQ− PQ−QQR−BQQ+

+ 2 L (A) +BL (B) + 2BL (B) + 3BL (B) + 3AB +BBQ+ 2BBB + 2RL (B)+

+BBR +BL (R) +BP +QL (B).



86• Relations from Jacobi:
0

1
=
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
− 2

[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
+
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
,

0
2
=
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
− 2

[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
+
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
,

0
3
=
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
− 3

[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
+ 3

[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
−

−
[
L ,

[
L ,

[
L ,

[
L , [L ,L ]

]]]]
.

• Frame and dual coframe:{
du3, du2, du1, dz, dz

} { ∂
∂u3

, ∂
∂u2

, ∂
∂u1

, ∂
∂z ,

∂
∂z

}
.

• Introduce:{
σ0, σ0, ρ0, ζ0, ζ0

}
dual of

{
S , S , T , L , L

}
.

• By definition:
σ0(S ) = 1 σ0(S ) = 0 σ0(T ) = 0 σ0(L ) = 0 σ0

(
L
)

= 0,

σ0(S ) = 0 σ0(S ) = 1 σ0(T ) = 0 σ0(L ) = 0 σ0

(
L
)

= 0,

ρ0(S ) = 0 ρ0(S ) = 0 ρ0(T ) = 1 ρ0(L ) = 0 ρ0(L ) = 0,
ζ0(S ) = 0 ζ0(S ) = 0 ζ0(T ) = 0 ζ0(L ) = 1 ζ0

(
L
)

= 0,
ζ0(S ) = 0 ζ0(S ) = 0 ζ0(T ) = 0 ζ0(L ) = 0 ζ0

(
L
)

= 1.

• Observation:
ζ0 = dz et ζ0 = dz.
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• Lie structure:[
Li1, Li2

]
=

n∑
k=1

aki1,i2 Lk (16 i1< i26n).

• Duale Darboux-Cartan structure:
dωk = −

∑
16i1<i26n

aki1,i2 ω
i1 ∧ ωi2 (k= 1 ···n).

• Array:
S S T L L

dσ0 dσ0 dρ0 dζ0 dζ0[
S , S

]
= K ·S + −K ·S + −i J ·T + 0 + 0 σ0 ∧ σ0[

S , T
]

= −F ·S + −G ·S + −E ·T + 0 + 0 σ0 ∧ ρ0[
S , L

]
= −Q ·S + −R ·S + −P ·T + 0 + 0 σ0 ∧ ζ0[

S , L
]

= −B ·S + −B ·S + −A ·T + 0 + 0 σ0 ∧ ζ0[
S , T

]
= −G ·S + −F ·S + −E ·T + 0 + 0 σ0 ∧ ρ0[

S , L
]

= −B ·S + −B ·S + −A ·T + 0 + 0 σ0 ∧ ζ0[
S , L

]
= −R ·S + −Q ·S + −P ·T + 0 + 0 σ0 ∧ ζ0[

T , L
]

= −S + 0 + 0 + 0 + 0 ρ0 ∧ ζ0[
T , L

]
= 0 + −S + 0 + 0 + 0 ρ0 ∧ ζ0[

L , L
]

= 0 + 0 + iT + 0 + 0 ζ0 ∧ ζ0



88• Read vertically and change signs:

dσ0 = −K · σ0 ∧ σ0 + F · σ0 ∧ ρ0 + Q · σ0 ∧ ζ0 + B · σ0 ∧ ζ0+

+ G · σ0 ∧ ρ0 + B · σ0 ∧ ζ0 + R · σ0 ∧ ζ0 + ρ0 ∧ ζ0,

dσ0 = K · σ0 ∧ σ0 + G · σ0 ∧ ρ0 + R · σ0 ∧ ζ0 + B · σ0 ∧ ζ0+

+ F · σ0 ∧ ρ0 + B · σ0 ∧ ζ0 + Q · σ0 ∧ ζ0 + ρ0 ∧ ζ0,

dρ0 = i J · σ0 ∧ σ0 + E · σ0 ∧ ρ0 + P · σ0 ∧ ζ0 + A · σ0 ∧ ζ0+

+ E · σ0 ∧ ρ0 + A · σ0 ∧ ζ0 + P · σ0 ∧ ζ0 − i ζ0 ∧ ζ0,

dζ0 = 0,

dζ0 = 0.

• Ambiguity group of G-structure:

G :=

g =


aaa 0 0 0 0
0 aaa 0 0 0
c c aa 0 0

e d b a 0

d e b 0 a

 , a, b, c, d, e ∈ C

 .
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• Lifted coframe: 
σ
σ
ρ

ζ
ζ

 :=


aaa 0 0 0 0
0 aaa 0 0 0
c c aa 0 0

e d b a 0

d e b 0 a


︸ ︷︷ ︸

=:g


σ0
σ0
ρ0

ζ0
ζ0

 .

• Structure equations:

dσ =
(
2α1 + α1

)
∧ σ+

+ U1 σ ∧ σ + U2 σ ∧ ρ + U3 σ ∧ ζ + U4 σ ∧ ζ+

+ U5 σ ∧ ρ + U6 σ ∧ ζ + U7 σ ∧ ζ+

+ ρ ∧ ζ,
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dρ = α2 ∧ σ + α2 ∧ σ + α1 ∧ ρ + α1 ∧ ρ+

+ V1 σ ∧ σ + V2 σ ∧ ρ + V3 σ ∧ ζ + V4 σ ∧ ζ+

+ V2 σ ∧ ρ + V4 σ ∧ ζ + V3 σ ∧ ζ+

+ V8 ρ ∧ ζ + V8 ρ ∧ ζ+

+ i ζ ∧ ζ,

dζ = α3 ∧ σ + α4 ∧ σ + α5 ∧ ρ + α1 ∧ ζ+

+ W1 σ ∧ σ + W2 σ ∧ ρ + W3 σ ∧ ζ + W4 σ ∧ ζ+

+ W5 σ ∧ ρ + W6 σ ∧ ζ + W7 σ ∧ ζ+

+ W8 ρ ∧ ζ + W9 ρ ∧ ζ+

+ W10 ζ ∧ ζ.

• Initial torsion coefficients:

� For dσ:
U1 = − 1

aa2 K −
c

a2a3 F +
bc

a3a3 Q−
d

a2a2 Q+
bc

a2a4 B −
e

aa3 B +
c

a2a3 G−

− bc

a3a3 B +
e

a2a2 B −
bc

a2a4 R +
d

aa3 R +
cd

a3a3 −
ce

a3a3 ,
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U2 =

1

aa
F − b

a2a
Q− b

aa2 B +
e

a2a
,

U3 =
1

a
Q− c

a2a
,

U4 =
1

a
B,

U5 =
1

a2 G−
b

aa2 B −
b

a3 R +
d

aa2 ,

U6 =
1

a
B − c

aa2 ,

U7 =
a

a2 R.

� For dρ:

V1 = − c

a3a3 K −
cc

a4a4 F +
bcc

a5a4 Q−
cd

a4a3 Q+
bcc

a4a5 B −
ce

a3a4 B +
cc

a4a4 G−

− bcc

a5a4 B +
ce

a4a3 B −
bcc

a4a5 R +
cd

a3a4 R +
ccd

a5a4 −
ecc

a5a4 +

+
c

a3a3 K +
cc

a4a4 F −
bcc

a4a5 Q+
cd

a3a4 Q−
bcc

a5a4 B +
ce

a4a3 B −
cc

a4a4 G+

+
bcc

a4a5 B −
ce

a3a4 B +
bcc

a5a4 R−
cd

a4a3 R−
ccd

a4a5 +
cce

a4a5−

− i
1

a2a2 J −
c

a3a3 E +
bc

a4a3 P −
d

a3a2 P +
bc

a3a4 A−
e

a2a3 A+
c

a3a3 E −
bc

a3a4 P +
d

a2a3 P−

− bc

a4a3 A+
e

a3a2 A− i
bce

a4a4 − i
bce

a4a4 + i
ee

a3a3 + i
bcd

a4a4 + i
bcd

a4a4 − i
dd

a3a3 ,



92
V2 =

c

a3a2 F −
bc

a4a2 Q−
bc

a3a3 B +
ce

a4a2 +
c

a3a2 G−
bc

a3a3 B −
bc

a4a2 R +
cd

a3a3 +

+
1

a2a
E − b

a3a
P − b

a2a2 A+ i
be

a3a2 − i
bd

a3a2 ,

V3 =
c

a3a
Q− cc

a4a2 +
c

a3a
R +

1

a2
P − i bc

a3a2 + i
d

a2a
,

V4 =
c

a2a2 B +
c

a2a2 B −
cc

a3a3 +
1

aa
A+ i

bc

a3a2 − i
e

a2a
,

V8 =
c

a2a
+ i

b

aa
.

� For dζ:

W1 = − e

a3a3 K −
ce

a4a4 F +
bce

a5a4 Q−
de

a4a3 Q+
bce

a4a5 B −
ee

a3a4 B +
ce

a4a4 G−

− bce

a5a4 B +
ee

a4a3 B −
bce

a4a5 R +
de

a3a4 R +
cde

a5a4 −
cee

a5a4 +

+
d

a3a3 K +
cd

a4a4 F −
bcd

a4a5 Q+
dd

a3a4 Q−
bcd

a5a4 B +
de

a4a3 B −
cd

a4a4 G+

+
bcd

a4a5 B −
de

a3a4 B +
bcd

a5a4 R−
dd

a4a3 R−
cdd

a4a5 +
cde

a4a5−

− i
b

a3a3 J −
bc

a4a4 E +
bbc

a5a4 P −
bd

a4a3 P +
bbc

a4a5 A−
be

a3a4 A+
bc

a4a4 E −
bbc

a4a5 P +
bd

a3a4 P−

− bbc

a5a4 A+
be

a4a3 A− i
bbce

a5a5 − i
bbce

a5a5 + i
bee

a4a4 + i
bbcd

a5a5 + i
bbcd

a5a5 − i
bdd

a4a4 ,
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W2 =

e

a3a2 F −
be

a4a2 Q−
be

a3a3 B +
ee

a4a2 +
d

a3a2 G−
bd

a3a3 B −
bd

a4a2 R +
dd

a3a3 +

+
b

a3a2 E −
bb

a4a2 P −
bb

a3a3 A+ i
bbe

a4a3 − i
bbd

a4a3 ,

W3 =
e

a3a
Q− ce

a4a2 +
d

a3a
R +

b

a3a
P − i bbc

a4a3 + i
bd

a3a2 ,

W4 =
e

a2a2 B +
d

a2a2 B −
cd

a3a3 +
b

a2a2 A+ i
bbc

a4a3 − i
be

a3a2 ,

W5 =
e

a2a3 G−
be

a3a3 B −
be

a2a4 R +
de

a3a3 +
d

a2a3 F −
bd

a2a4 Q−
bd

a3a3 B +
ed

a2a4 +

+
b

a2a3 E −
bb

a2a4 P −
bb

a3a3 A− i
bbe

a3a4 + i
bbd

a3a4 ,

W6 =
e

a2a2 B −
ce

a3a3 +
d

a2a2 B +
b

a2a2 A− i
bbc

a3a4 + i
be

a2a3 ,

W7 =
e

aa3 R +
d

aa3 Q−
cd

a2a4 +
b

aa3 P + i
bbc

a3a4 − i
bd

a2a3 ,

W8 =
e

a2a
+ i

bb

a2a2 ,

W9 =
d

aa2 − i
bb

a2a2 ,

W10 = i
b

aa
.



94• Obtain 5 essential torsions potentially leading to normalizations of
group parameters:

U5 =
1

a2 G−
b

aa2 B −
b

a3 R +
d

aa2 ,

U6 =
1

a
B − c

aa2 ,

U7 =
a

a2 R,

U3 + U 4 − 3V8 =
1

a
Q− 4

c

a2a
+

1

a
B − 3i

b

aa
,

U 4 − V8 −W 10 =
1

a
B − c

aa
.

• Exceptional torsion:
a

a2
R.

Proposition When R 6≡ 0, the coframe reduces to an {e}-structure on
the base M — end of explorations.

• Remaining branch:
Suppose R ≡ 0 .
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• Three normalizations:

c := aaB .

b := a
(
− i B + i

3 Q
)
.

d = a
(
− iL

(
B
)

+ i P + 2i
3 BQ

)
.

Lemma. The exterior differential:

dG0 = S (G0) · σ0 + S (G0) · σ0 + T (G0) · ρ0+

+ L (G0) · ζ0 + L (G0) · ζ0
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of an analytic function G on M5 ⊂ C4 expresses, in the lifted coframe,
as:

dG0 = σ ·
(

1

a2a
S (G0)− c

a3a2 T (G0) +
bc

a4a2 L (G0)−

− e

a3a
L (G0) +

bc

a3a3 L (G0)− d

a2a2 L (G0)

)
+

+ σ ·
(

1

aa2 S (G0)− c

a2a3 T (G0) +
bc

a3a3 L (G0)−

− d

a2a2 L (G0) +
bc

a2a4 L (G0)− e

aa3 L (G0)

)
+

+ ρ ·
(

1

aa
T (G0)− b

a2a
L (G0)− b

aa2 L (G0)

)
+

+ ζ ·
(

1

a
L (G0)

)
+

+ ζ ·
(

1

a
L (G0)

)
.

• Final normalization:
e := a ·

(
iL (B)− i A− 2i BB + i

3 BQ
)
.

• Examine other subranches which potentially normalize a.
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Cartan Connections in CR Geometry

• Homogeneous space: Beloshapka’s cubic model M5
c ⊂ C4 happens to be a

homogeneous space:
M5

c
∼= G7/H2 ∼= N5

4 ,

namely a quotient of a 7-dimensional real Lie group G7 by a 2-dimensional
closed commutative Lie subgroup N2 ∼= (C∗,×), the resulting quotient being
the unique connected and simply connected nilpotent Lie group corresponding
to the real nilpotent Lie algebra with generators x1, x2, x3, x4, x5 named n4

5 in
the Goze-Remm classification:

n4
5 :


[x1, x2] = x3,

[x1, x3] = x4,

[x2, x3] = x5,

unwritten brackets being zero.

• Infinitesimal CR automorphisms The Lie algebra:

autCR(M5
c )
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of infinitesimal CR automorphisms of Beloshapka’s cubic model M5

c ⊂ C4 is
7-dimensional, generated by the real parts of the following 7 vector fields of
type (1, 0) with holomorphic coefficients:

S2 := ∂
∂w3

,

S1 := ∂
∂w2

,

T := ∂
∂w1

,

L1 := ∂
∂z + 2

√
−1 z ∂

∂w1
+
(
2
√
−1 z2 + 4w1

) ∂
∂w2

+ 2 z2 ∂
∂w3

,

L2 :=
√
−1 ∂

∂z + 2 z ∂
∂w1

+ 2 z2 ∂
∂w2
−
(
2
√
−1 z2 − 4w1

) ∂
∂w3

,

D := z ∂
∂z + 2w1

∂
∂w1

+ 3w2
∂
∂w2

+ 3w3
∂
∂w3

,

R :=
√
−1 z ∂

∂z − w3
∂
∂w2

+ w2
∂
∂w3

.

• Isotropy subalgebra of the origin:

R
(
D + D

)
⊕ R

(
R + R

)
.

• Commutator table:
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S2 S1 T L2 L1 D R

S2 0 0 0 0 0 3S2 −S1
S1 ∗ 0 0 0 0 3S1 S2
T ∗ ∗ 0 4S2 4S1 2T 0
L2 ∗ ∗ ∗ 0 −4T L2 −L1
L1 ∗ ∗ ∗ ∗ 0 L1 L2
D ∗ ∗ ∗ ∗ ∗ 0 0
R ∗ ∗ ∗ ∗ ∗ ∗ 0

• Nilpotent subalgebra: The five fields S2, S1, T , L2, L1 generate a nilpotent
Lie subalgebra of autCR(M5

c ) visibly isomorphic to n4
5.

Theorem. [Merker-Pocchiola-Sabzevari] Associated to every Class III1 lo-
cal CR-generic C ω submanifold M5 ⊂ C4, there is a canonical Car-
tan connection (P 7, $) modelled on the nilpotent homogeneous space
G7
/
H2 ∼= N5

4
∼= M5

c whose natural orbit space is Beloshapka’s cubic
model M5

c ⊂ C4.
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Despite their importance, until now, the invariants
of pseudoconvex domains have been fully com-
pleted, to our knowledge, only in the case of the
unit ball Bn+1 ⊂ Cn+1, where they all vanish!
Webster 2000

• Coordinates on CN>2 ∼= R2N>4:

zi = xi +
√
−1 yi (16 i6 N).

• Ellipsoid: ∑
16i6N

(
ai x2

i + bi y2
i

)
= 1,(Eα,β)

with real constants ai > bi > 0.

• Alternative view: [Webster 2000]

(EA1,...,AN
)

∑
16i6N

(
zizi + Ai (z2

i + z2
i )
)

= 1.
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• CR-Umbilical locus:

UmbCR
(
EA1,...,AN

)
:=
{
p ∈ EA1,...,AN

: S
βσ
αρ (p) = 0, ∀α, ρ, β, σ

}
.

Theorem. [Webster 2000] In CN>3, if 0 < A1 < · · · < AN <
1
2, then

∅ = UmbCR
(
EA1,...,AN

)
. �

• Observation: In C2:
S
βσ
αρ = S

1,1
1,1.

Theorem. [Huang-Ji 2007] Every ellipsoid Ea1,a2 ⊂ C2 has at least 4 CR-
umbilical points.

• Question: Do compact connected C ω Levi nondegenerate hypersurfaces
have all CR-umbilical points?

• Prior question: In C2, how the Cartan CR invariant:
S11

11 + ICartan
looks like?



102• Hypersurface:
M3 ⊂ C2,

of class C ω, C∞, C 6, Levi nondegenerate.

• Implicit:
M =

{
(z, w) ∈ C2 : ρ

(
z, w, z, w

)
= 0
}
.

• Reality:
ρ = ρ.

• Smoothness: At each p ∈M :

ρz(p) 6= 0 or ρw(p) 6= 0.

• CR vector fields of type (1, 0) and (0, 1):

L := −ρw
∂

∂z
+ ρz

∂

∂w
and L := −ρw

∂

∂z
+ ρz

∂

∂w
.

• Levi nondegeneracy:[
L , L

]
6≡ 0 mod

(
L ⊕L

)
.

• Explicitly:
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0 6= −

∣∣∣∣∣∣
0 ρz ρw
ρz ρzz ρwz
ρw ρzw ρww

∣∣∣∣∣∣
= ρzρzρww − ρzρwρzw − ρwρzρzw + ρwρwρzz.

• Complex Hessian:

H(ρ) :=
(
−ρw ρz

)( ρzz ρwz
ρzw ρww

)(
−ρw
ρz

)
= − ρwρwρzz + 2ρzρwρzw − ρzρzρww.

Lemma. [Son et al. 2016] The Cartan CR invariant is a nonzero multiple of
the determinant:

ICartan = nonzero ·

∣∣∣∣∣∣∣∣∣∣∣∣

ρ3
w L

(
ρ3
w) L

2(
ρ3
w) L

3(
ρ3
w) L

4(
ρ3
w)

ρzρ
2
w L

(
ρzρ

2
w) L

2(
ρzρ

2
w) L

3(
ρzρ

2
w) L

4(
ρzρ

2
w)

ρ2
zρw L

(
ρ2
zρw) L

2(
ρ2
zρw) L

3(
ρ2
zρw) L

4(
ρ2
zρw)

ρ3
z L

(
ρ3
z) L

2(
ρ3
z) L

3(
ρ3
z) L

4(
ρ3
z)

H(ρ) L
(
H(ρ)) L

2(
H(ρ)) L

3(
H(ρ)) L

4(
H(ρ))

∣∣∣∣∣∣∣∣∣∣∣∣
.
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Corollary. [Merker 2017] In real representation, the number of differential

monomials in the pure 6-jet:
J6
x,y,u,vρ(x, y, u, v) = 419 variables

of the respective 5× 5 = 25 entries is:∣∣∣∣∣∣∣∣∣∣
4 28 232 1760 11772
6 40 346 2396 15298
6 40 346 2396 15298
4 28 232 1760 11772
34 184 1389 9392 56745

∣∣∣∣∣∣∣∣∣∣
.

• Computational obstacle: This determinant is not expandable, since for in-
stance:

34 · 28 · 346 · 2396 · 11772 = 9290735887104.

• Compare with: [M.-Sabzevari 2012]

∼ 4 hours of computations ←→ ∼ 1500000 terms.

• Universal Phenomenon in True Algebra: Initial expressions share en-
tangled relations and hide serendipitous compactifications.
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• Question: For an ellipsoid E in C2, can UmbCR(E) be described explicity?

Theorem. [FOO-MERKER-TA 2017] For every real numbers a > 1, b > 1 with
(a, b) 6= (1, 1), the curve parametrized by θ ∈ R valued in C2 ∼= R4:

γ : θ 7−→
(
x(θ) +

√
−1 y(θ), u(θ) +

√
−1 v(θ)

)
with components:

x(θ) :=
√

a−1
a (ab−1)

cos θ, y(θ) :=
√
b (a−1)
ab−1 sin θ,

u(θ) :=
√

b−1
b (ab−1)

sin θ, v(θ) := −
√
a (b−1)
ab−1 cos θ,

has image contained in the CR-umbilical locus:
γ(R) ⊂ UmbCR

(
Ea,b
)
⊂ Ea,b

of the ellipsoid Ea,b ⊂ C2 of equation a x2 + y2 + b u2 + y2 = 1.

• Difficulty: Deal with the single Cartan CR invariant of M = {ρ = 0}:
ICartan = ICartan(ρ),

which contains:
38310 differential monomials in J6x,y,u,vρ,



106and show that:

0
?
= γ∗

(
ICartan

)
(θ) (∀ θ∈R).

• Indispensable exigence: Possess an appropriate formula for ICartan(ρ).

• Serendipity: Such a formula already exists [Merker 2010].

Theorem. [Foo-Merker-Ta 2017] A point p ∈M = {ρ = 0} is CR-umbilical iff:

0 = I[w](p),

where:

I[w] := 12
(
ρw
)9
{[

L(ρ)

ρ2
w

]3

L
4
(

H(ρ)

ρ3
w

)
− 6

[
L(ρ)

ρ2
w

]2

L

(
L(ρ)

ρ2
w

)
L

3
(

H(ρ)

ρ3
w

)
−

− 4

[
L(ρ)

ρ2
w

]2

L
2
(

L(ρ)

ρ2
w

)
L

2
(

H(ρ)

ρ3
w

)
−
[

L(ρ)

ρ2
w

]2

L
3
(

L(ρ)

ρ2
w

)
L

(
H(ρ)

ρ3
w

)
+

+ 15
L(ρ)

ρ2
w

[
L

(
L(ρ)

ρ2
w

)]2

L
2
(

H(ρ)

ρ3
w

)
+ 10

L(ρ)

ρ2
w

L

(
L(ρ)

ρ2
w

)
L

2
(

L(ρ)

ρ2
w

)
L

(
H(ρ)

ρ3
w

)
−

− 15

[
L

(
L(ρ)

ρ2
w

)]3

L

(
H(ρ)

ρ3
w

)}
.



107

• Exercise: Show:

I[w] = I[z].

• Ellipsoids:

0 = ρ = a x2 + y2 + b u2 + v2 − 1

• Proof of the theorem: Verify:

0
?
= γ∗

(
I[w]

)
(θ) (∀ θ∈R).

Drop the factor 12 (ρw)9 + 1, and call T1, T2, T3, T4, T5, T6, T7 the seven
concerned terms, so that the goal becomes:

0
?
= γ∗

(
T1
)

+ γ∗
(
T2
)

+ γ∗
(
T3
)

+ γ∗
(
T4
)

+ γ∗
(
T5
)

+ γ∗
(
T6
)

+ γ∗
(
T7
)
.



108• Hand-on-computer calculations:

T1 = 1
8
√
−1 (a− 1)

N1

D ,

T2 = 3
4
√
−1 (a− 1)

N2

D ,

T3 = 1
2
√
−1 (a− 1)

N3

D ,

T4 = 1
8
√
−1 (a− 1)

N4

D ,

T5 = 15
8
√
−1 (a− 1)

N5

D ,

T6 = 5
4
√
−1 (a− 1)

N6

D ,

T7 = 15
8
√
−1 (a− 1)

N7

D ,

with, in denominator place:

D :=
(√

a cos θ − √−1
√
b sin θ

)8 (
a b− 1

)( b− 1

a b− 1

)11
2

,
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with numerator 1:
N1 := cos7θ

[
499 a9/2b3 + 625 a9/2b2 − 233 a7/2b3 + 205 a9/2b− 631 a7/2b2 + 15 a9/2 − 415 a7/2b− 65 a7/2

]
+
√
−1 cos6θ sin θ

[
2887 a4b7/2 + 4401 a4b5/2 − 1297 a3b7/2 + 1905 a4b3/2 − 4059 a3b5/2 + 215 a4b1/2 − 3327 a3b3/2 − 725 a3b1/2

]
+ cos5θ sin2θ

[
− 7023 a7/2b4 − 13021 a7/2b3 + 3013 a5/2b4 − 7105 a7/2b2 + 11011 a5/2b3 − 1075 a7/2b+ 11059 a5/2b2 + 3141 a5/2b

]
+
√
−1 cos4θ sin3θ

[
− 9267 a3b9/2 − 20989 a3b7/2 + 3757 a2b9/2 − 14101 a3 b5/2 + 16279 a2b7/2 − 2683 a3b3/2 + 19891 a2b5/2 + 7113 a2b3/2

]
+ cos3θ sin4θ

[
7113 a5/2b5 + 19891 a5/2b4 − 2683 a3/2b5 + 16279 a5/2b3 − 14101 a3/2b4 + 3757 a5/2b2 − 20989 a3/2b3 − 9267 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
3141 a2b11/2 + 11059 a2b9/2 − 1075 ab11/2 + 11011 a2b7/2 − 7105 ab9/2 + 3013 a2b5/2 − 13021 ab7/2 − 7023 ab5/2

]
+ cos1θ sin6θ

[
− 725 a3/2b6 − 3327 a3/2b5 + 215 a1/2b6 − 4059 a3/2b4 + 1905 a1/2b5 − 1297 a3/2b3 + 4401 a1/2b4 + 2287 a1/2b3

]
+
√
−1 sin7 θ

[
− 65 ab13/2 − 415 ab11/2 + 15 b13/2 − 631 ab9/2 + 205 b11/2 − 233 ab7/2 + 625 b9/2 + 499 b7/2

]
,

with numerator 2:
N2 := cos7θ

[
− 165 a9/2b3 − 193 a9/2 b2 + 93 a7/2b3 − 67 a9/2b+ 205 a7/2b2 − 7 a9/2 + 115 a7/2b+ 19 a7/2

]
+
√
−1 cos6θ sin θ

[
− 925 a4b7/2 − 1389 a4b5/2 + 505 a3b7/2 − 627 a4b3/2 + 1341 a3b5/2 − 83 a4b1/2 + 975 a3b3/2 + 203 a3b1/2

]
+ cos5θ sin2θ

[
2177 a7/2b4 + 4141 a7/2b3 − 1145 a5/2b4 + 2359 a7/2b2 − 3673 a5/2b3 + 395 a7/2b− 3367 a5/2b2 − 887 a5/2b

]
+
√
−1 cos4θ sin3θ

[
2777 a3b9/2 + 6649 a3b7/2 − 1397 a2b9/2 + 4711 a3b5/2 − 5449 a2b7/2 + 983 a3b3/2 − 6211 a2b5/2 − 2063 a2b3/2

]
+ cos3θ sin4θ

[
− 2063 a5/2b5 − 6211 a5/2b4 + 983 a3/2b5 − 5449 a5/2b3 + 4711 a3/2b4 − 1397 a5/2b2 + 6649 a3/2b3 + 2777 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
− 887 a2b11/2 − 3367 a2b9/2 + 395 ab11/2 − 3673 a2b7/2 + 2359 ab9/2 − 1145 a2b5/2 + 4141 ab7/2 + 2177 ab5/2

]
+ cos1θ sin6θ

[
203 a3/2b6 + 975 a3/2b5 − 83 a1/2b6 + 1341 a3/2b4 − 627 a1/2b5 + 505 a3/2b3 − 1389 a1/2b4 − 925 a1/2b3

]
+
√
−1 sin7 θ

[
19 ab13/2 + 115 ab11/2 − 7 b13/2 + 205 ab9/2 − 67 b11/2 + 93 ab7/2 − 193 b9/2 − 165 b7/2

]
,

with numerator 3:
N3 := cos7θ

[
− 91 a9/2b3 − 109 a9/2b2 + 65 a7/2b3 − 37 a9/2b+ 115 a7/2b2 − 3 a9/2 + 55 a7/2b+ 5 a7/2

]
+
√
−1 cos6θ sin θ

[
− 499 a4b7/2 − 777 a4b5/2 + 349 a3b7/2 − 357 a4b3/2 + 771 a3b5/2 − 47 a4b1/2 + 483 a3b3/2 + 77 a3b1/2

]
+ cos5θ sin2θ

[
1143 a7/2b4 + 2281 a7/2b3 − 781 a5/2b4 + 1369 a7/2b2 − 2143 a5/2b3 + 247 a7/2b− 1723 a5/2b2 − 393 a5/2b

]
+
√
−1 cos4θ sin3θ

[
1407 a3b9/2 + 3589 a3b7/2 − 937 a2b9/2 + 2761 a3b5/2 − 3199 a2b7/2 + 643 a3b3/2 − 3271 a2b5/2 − 993 a2b3/2

]
+ cos3θ sin4θ

[
− 993 a5/2b5 − 3271 a5/2b4 + 643 a3/2b5 − 3199 a5/2b3 + 2761 a3/2b4 − 937 a5/2b2 + 3589 a3/2b3 + 1407 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
− 393 a2b11/2 − 1723 a2b9/2 + 247 ab11/2 − 2143 a2b7/2 + 1369 ab9/2 − 781 a2b5/2 + 2281 ab7/2 + 1143 ab5/2

]
+ cos1θ sin6θ

[
77 a3/2b6 + 483 a3/2b5 − 47 a1/2b6 + 771 a3/2b4 − 357 a1/2b5 + 349 a3/2b3 − 777 a1/2b4 − 499 a1/2b3

]
+
√
−1 sin7 θ

[
5 ab13/2 + 55 ab11/2 − 3 b13/2 + 115 ab9/2 − 37 b11/2 + 65 ab7/2 − 109 b9/2 − 91 b7/2

]
,



110with numerator 4:
N4 := cos7θ

[
− 75 a9/2b3 − 91 a9/2b2 + 75 a7/2b3 − 25 a9/2b+ 91 a7/2b2 − a9/2 + 25 a7/2b+ a7/2

]
+
√
−1 cos6θ sin θ

[
− 391 a4b7/2 − 639 a4b5/2 + 391 a3b7/2 − 285 a4b3/2 + 639 a3b5/2 − 29 a4b1/2 + 285 a3b3/2 + 29 a3b1/2

]
+ cos5θ sin2θ

[
839 a7/2b4 + 1831 a7/2b3 − 839 a5/2b4 + 1165 a7/2b2 − 1831 a5/2b3 + 197 a7/2b− 1165 a5/2b2 − 197 a5/2b

]
+
√
−1 cos4θ sin3θ

[
947 a3b9/2 + 2779 a3b7/2 − 947 a2b9/2 + 2401 a3b5/2 − 2779 a2b7/2 + 593 a3b3/2 − 2401 a2b5/2 − 593 a2b3/2

]
+ cos3θ sin4θ

[
− 593 a5/2b5 − 2401 a5/2b4 + 593 a3/2b5 − 2779 a5/2b3 + 2401 a3/2b4 − 947 a5/2b2 + 2779 a3/2b3 + 947 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
− 197 a2b11/2 − 1165 a2b9/2 + 197 ab11/2 − 1831 a2b7/2 + 1165 ab9/2 − 839 a2b5/2 + 1831 ab7/2 + 839 ab5/2

]
+ cos1θ sin6θ

[
29 a3/2b6 + 285 a3/2b5 − 29 a1/2b6 + 639 a3/2b4 − 285 a1/2b5 + 391 a3/2b3 − 639 a1/2b4 − 391 a1/2b3

]
+
√
−1 sin7 θ

[
ab13/2 + 25 ab11/2 − b13/2 + 91 ab9/2 − 25 b11/2 + 75 ab7/2 − 91 b9/2 − 75 b7/2

]
,

with numerator 5:
N5 := cos7θ

[
63 a9/2b3 + 69 a9/2b2 − 45 a7/2b3 + 25 a9/2b− 75 a7/2b2 + 3 a9/2 − 35 a7/2b− 5 a7/2

]
+
√
−1 cos6θ sin θ

[
339 a4b7/2 + 509 a4b5/2 − 237 a3b7/2 + 237 a4b3/2 − 511 a3b5/2 + 35 a4b1/2 − 315 a3b3/2 − 57 a3b1/2

]
+ cos5θ sin2θ

[
− 763 a7/2b4 − 1521 a7/2b3 + 521 a5/2b4 − 909 a7/2b2 + 1431 a5/2b3 − 167 a7/2b+ 1143 a5/2b2 + 265 a5/2b

]
+
√
−1 cos4θ sin3θ

[
− 927 a3b9/2 − 2409 a3b7/2 + 617 a2b9/2 − 1841 a3b5/2 + 2139 a2b7/2 − 423 a3b3/2 + 2191 a2b5/2 + 653 a2b3/2

]
+ cos3θ sin4θ

[
653 a5/2b5 + 2191 a5/2b4 − 423 a3/2b5 + 2139 a5/2b3 − 1841 a3/2b4 + 617 a5/2b2 − 2409 a3/2b3 − 927 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
265 a2b11/2 + 1143 a2b9/2 − 167 ab11/2 + 1431 a2b7/2 − 909 ab9/2 + 521 a2b5/2 − 1521 ab7/2 − 763 ab5/2

]
+ cos1θ sin6θ

[
− 57 a3/2b6 − 315 a3/2b5 + 35 a1/2b6 − 511 a3/2b4 + 237 a1/2b5 − 237 a3/2b3 + 509 a1/2b4 + 339 a1/2b3

]
+
√
−1 sin7 θ

[
− 5 ab13/2 − 35 ab11/2 + 3 b13/2 − 75 ab9/2 + 25 b11/2 − 45 ab7/2 + 69 b9/2 + 63 b7/2

]
,

with numerator 6:
N6 := cos7θ

[
39 a9/2b3 + 43 a9/2b2 − 39 a7/2b3 + 13 a9/2b− 43 a7/2b2 + a9/2 − 13 a7/2b− a7/2

]
+
√
−1 cos6θ sin θ

[
199 a4b7/2 + 315 a4b5/2 − 199 a3b7/2 + 141 a4b3/2 − 315 a3b5/2 + 17 a4b1/2 − 141 a3b3/2 − 17 a3b1/2

]
+ cos5θ sin2θ

[
− 419 a7/2b4 − 919 a7/2b3 + 419 a5/2b4 − 577 a7/2b2 + 919 a5/2b3 − 101 a7/2b+ 577 a5/2b2 + 101 a5/2b

]
+
√
−1 cos4θ sin3θ

[
− 467 a3b9/2 − 1399 a3b7/2 + 467 a2b9/2 − 1201 a3b5/2 + 1399 a2b7/2 − 293 a3b3/2 + 1201 a2b5/2 + 293 a2b3/2

]
+ cos3θ sin4θ

[
293 a5/2b5 + 1201 a5/2b4 − 293 a3/2b5 + 1399 a5/2b3 − 1201 a3/2b4 + 467 a5/2b2 − 1399 a3/2b3 − 467 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
101 a2b11/2 + 577 a2b9/2 − 101 ab11/2 + 919 a2b7/2 − 577 ab9/2 + 419 a2b5/2 − 919 ab7/2 − 419 ab5/2

]
+ cos1θ sin6θ

[
− 17 a3/2b6 − 141 a3/2b5 + 17 a1/2b6 − 315 a3/2b4 + 141 a1/2b5 − 199 a3/2b3 + 315 a1/2b4 + 199 a1/2b3

]
+
√
−1 sin7 θ

[
− ab13/2 − 13 ab11/2 + b13/2 − 43 ab9/2 + 13 b11/2 − 39 ab7/2 + 43 b9/2 + 39 b7/2

]
,
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with numerator 7:
N7 := cos7θ

[
− 27 a9/2b3 − 27 a9/2b2 + 27 a7/2b3 − 9 a9/2b+ 27 a7/2b2 − a9/2 + 9 a7/2b+ a7/2

]
+
√
−1 cos6θ sin θ

[
− 135 a4b7/2 − 207 a4b5/2 + 135 a3b7/2 − 93 a4b3/2 + 207 a3b5/2 − 13 a4b1/2 + 93 a3b3/2 + 13 a3b1/2

]
+ cos5θ sin2θ

[
279 a7/2b4 + 615 a7/2b3 − 279 a5/2b4 + 381 a7/2b2 − 615 a5/2b3 + 69 a7/2b− 381 a5/2b2 − 69 a5/2b

]
+
√
−1 cos4θ sin3θ

[
307 a3b9/2 + 939 a3b7/2 − 307 a2b9/2 + 801 a3b5/2 − 939 a2b7/2 + 193 a3b3/2 − 801 a2b5/2 − 193 a2b3/2

]
+ cos3θ sin4θ

[
− 193 a5/2b5 − 801 a5/2b4 + 193 a3/2b5 − 939 a5/2b3 + 801 a3/2b4 − 307 a5/2b2 + 939 a3/2b3 + 307 a3/2b2

]
+
√
−1 cos2θ sin5θ

[
− 69 a2b11/2 − 381 a2b9/2 + 69 ab11/2 − 615 a2b7/2 + 381 ab9/2 − 279 a2b5/2 + 615 ab7/2 + 279 ab5/2

]
+ cos1θ sin6θ

[
13 a3/2b6 + 93 a3/2b5 − 13 a1/2b6 + 207 a3/2b4 − 93 a1/2b5 + 135 a3/2b3 − 207 a1/2b4 − 135 a1/2b3

]
+
√
−1 sin7 θ

[
ab13/2 + 9 ab11/2 − b13/2 + 27 ab9/2 − 9 b11/2 + 27 ab7/2 − 27 b9/2 − 27 b7/2

]
.

• End of proof of the Theorem: The sum:
1
8 N1(θ) + 3

4 N2(θ) + 1
2 N3(θ) + 1

8 N4(θ) + 15
8 N5(θ) + 5

4 N6(θ) + 15
8 N7(θ) = 0,

is null. �

Theorem. [M. 2017] For all a > 1 and b > 1 with (a, b) 6= (1, 1):
dimRUmbCR

(
Ea,b

)
= 1. �



112This is a nice result but seems to contradict the
computations by Ezhov, McLaughlin and Schmalz
in Notices of the AMS, vol 58, no.1, indicating that
the real vertices are never umbilical. However the
curve described in Theorem 1.4. passes for a = 1

(and b > 1) through the ”vertex” (0, b−1/2).
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• a = 1 subcase:

Theorem. [Foo-Merker-Ta 2017] For every real numbers b > 1, the curve
parametrized by θ ∈ R valued in C2 ∼= R4:

γ : θ 7−→
(
x(θ) +

√
−1 y(θ), u(θ) +

√
−1 v(θ)

)
with components:

x(θ) := 0, y(θ) := 0,

u(θ) := 1√
b

sin θ, v(θ) := − cos θ,

has image contained in the CR-umbilical locus:
γ(R) ⊂ UmbCR

(
E1,b

)
⊂ E1,b

of the ellipsoid E1,b ⊂ C2 of equation x2 + y2 + b u2 + v2 = 1.

Accepted 13 November by Comptes Rendus Mathmatiques Paris


